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Two-dimensionalvortexdynamicshavebeenstudiedin plasmasby exploitingtheanalogybetween
fluid
�

velocity andthe E
���

B
	

drift



velocity. The analogyextendsto geophysicalflows by including
physics� that mimic zonal flows, dissipationand the � -effect due to the variation in the Coriolis
parameter.� Vorticeswith thesamesignastheambientzonalsheararestable,while opposite-signed
vortices
 fragment.Rulesfor vortexmergerderivedby maximizingentropyor minimizing enstrophy
do



not work for vorticesembeddedin zonalflows. New rulesbasedon theminimizationof energy
hold.
�

Whenzonalflows arenot imposed,andthe flow is forcedat small scales,large,coherentjet
streams� or eddiesform that co-exist with turbulence.Their sizesare determinedby an energy
balance,
�

not the length scalesof the forcing or boundaries.The motivation for this work is to
understand� atmosphericandoceanvortices:Gulf streammeandersandeddies,the Antarcticozone
hole,thejet streamsof EarthandJupiter,andtheJovianGreatRedSpotandWhiteOvals. © 2000
American Institute of Physics. � S1070-664X
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I. INTRODUCTION AND MOTIVATION

There
�

is an analogybetweentwo-dimensional� 2-D
� �

,� in-
viscid,
 incompressiblefluid dynamicsandpure-electronplas-
mas:thefluid velocity actslike the(E � B)

 
drift velocity, the

vorticity
 like the electrondensity, the streamfunction like
the
!

potential, the fluid Poissonequationlike the electrical
Poissonequation,andtheconservationof circulationlike the
conservation" of charge.Exploiting this analogy,2-D vortex
dynamics



have been studied in plasmas confined in
Malmberg–Penning traps including vortex merger,1 Dio-
cotron" instabilities # knownasKelvin–Helmholtzinstabilities
in
$

thehydrodynamicsliterature% 2–11 and& theequilibrationand
stability� of arraysof vortices.12–14 Fluid

'
flows arerarely2-D

unless� strongrotationor stratificationis present.Thesecon-
ditions



prevail in atmospheresand oceans,so it is not sur-
prising� that 2-D flow is mostly of concernto geophysical
fluid
�

dynamicists.Jovian vortices, such as the Great Red
Spot,
�

the White Ovals, and the numerousKármán vortex
streets,� a primary interest of the authors,usually interact
strongly� with the planetaryzonal ( east) –west* jet

+
streamsor

are& strongly influencedby the , -effect due to the north–
south� gradientof theCoriolis force - see� Ref. 15 andseeSec.
II
.0/

or1 by dissipation.The analogof zonalflows canbe cre-
ated& in plasmaexperimentsby imposing a radial potential
with2 a chargedaxial wire. The 3 -effectcanalsobecreatedin
a& plasmatrap,16 and& the analogof a Rayleighfluid dissipa-
tion
! 4

see� Sec.IV for definition5 can" possiblybe inducedin a
plasma� by introducinga gasinto thetrapwith a high electron
affinity& suchassulfur hexaflouride.

With
6

thesemodifications,2-D geophysicalfluid dynam-

ics canbe studiedin a plasma.In contrast2-D fluid dynam-
ics,
$

with or without theseadditionaleffects,are difficult to
study� in laboratoryexperimentswith realfluids. To keepthe
flow 2-D, rapid rotationis necessary,but rotationcreatesan
Ekman dissipationdue to the drag of the top and bottom
boundary
�

layers.15 To
�

bewithin theparameterregimewhere
the
!

rotationis strongenoughto keepthe flow 2-D but weak
enough) so that the Ekmandissipationtime is much greater
than
!

a vortexturn-aroundtime requiresthatthediameterof a
rotating7 tank be greater 8 and& usually much greater9 than

!
a

meter, which is both complicatedand expensive.17 More-
over,1 in therotatingtankexperiments,it is difficult to impose
arbitrary& initial conditions,so theyalmostalwaysbeginwith
solid-body� rotation. In addition, it is difficult to force the
flow in a precisemanner.Generally,it is forced by jets in
either) the sideor bottomboundariesor by oscillatinggrids.
In
.

contrast,a plasmain a Malmberg-Penningtrap can be
forcedby creatingor destroyingvorticity very preciselyboth
as& a function of spaceand time, andalmostarbitrary initial
conditions" can be created. : This

�
includesthe creationand

forcing of vorticeswith both signsby usinga photocathode
source;� seeRef. 18 andSec.II. ;

Two-dimensional
�

fluid flow can be numerically simu-
lated
<

usingcontourdynamicsor spectralmethods,but simu-
lation works best for initial-value codeswith short integra-
tion
!

times and for steady-statefinderswhere the effectsof
numerical= dissipationare unimportant. > These

�
are the types

of1 numericalresultsreviewedhere.? Typically, flows com-
puted� with contour dynamicsbecomeunstableafter short
times
!

unless‘‘contour surgery’’ is usedto removethe small
filamentsthat form.19 After long integrationtimes,the accu-
racy of flows computedwith contour surgery @ or1 with nu-
mericalA dissipationin spectralor finite-differencemethodsB*Paper

C
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decreases



andchangesby orderunity the valuesof someof
the
!

flow’s ‘‘conservedquantities’’therebymakingtheresults
dubious.



For thesereasonsplasmaexpermentsmayoffer the
best
�

methodof studyingthelong-timeevolutionof 2-D flows
relevantto geophysics.

The purposeof this review paperis to providean over-
view
 of the new physics that could be explored if zonal
flows,
�

Rayleighdissipation,and/ora H -effect were included
in the plasmaexperiments.In Sec.II we presentthe equa-
tions
!

of motionandconservedquantities.In Sec.III we pro-
vide
 a tutorial on how vortex dynamicsis alteredby a zonal
flow. More detailedreviewscanbefoundin Refs.20 and21.
These results require neither a I -effect nor a Rayleigh
dissipation—only



a zonalflow imposedby a radial potential
created" by achargedaxialwire. Weshowhowthezonalflow
breaks
�

the degeneracybetweenpositive and negativevorti-
ces" andhow vortex mergeris changedsubstantially.In Sec.
IV
.

we showhow a turbulent,but coherent,long-lived,zonal
flow
�

forms spontaneouslyfrom an initial condition at rest
when2 a J -effect, a randomsmall-scaleforcing and a Ray-
leigh dissipationare included K with,2 of course,no imposed
zonalL flowM . Using a theorybasedon the inversecascadeof
energy) from small to largescales,thestrengthandwidthsof
the
!

resultingzonal jet streamsarecorrectlypredicted.22
N

It is
shown� thatthewidthsareindependentof thelength-scalesof
the
!

forcing andboundaries.It is determinedby balancingthe
energy) input and dissipationrates.Thus, jets with arbitrary
widths2 canbecreatedby adjustingthemagnitudeof theforc-
ing
$

or dissipation.Our Discussionis in Sec.V.

II. EQUATIONS

The
�

governingequationsfor 2-D fluid flow can be ex-
pressed� in termsof the potentialvorticity qO

Dq
P
Dt Q

R
R

tSUT vV W qO0X F Y D Z 1[
where2 D

P
/
\
Dt
P

is
$

the advectivederivative,vV (] r^ ,�`_ ,� tS ) is the 2-D
velocity,
 F

a
is
$

the forcing, andD
P

is
$

the dissipation.The po-
tential
!

vorticity is definedas

qOcb r^ ,�`d ,� tSfehgjilk r^ ,�`m ,� tSfnhoqp r^ r 2�ts
where2 u (

]
r,�`v ,� tS ) hw z x vV is the vorticity, z is a unit vector,

and& y is
$

the gradientin latitudeof the Coriolis force z in$ the
laboratory,
<

the topographic{ -effect is due to the radially-
sloped� bottom boundary—seeRef. 15| . In a plane-parallel
geometry} qO0~j���q� y� where2 y� is the local north–southcoor-
dinate.



In the absenceof � ,� Eq. � 1� reduces7 to the Navier–
Stokes
�

equationwhen D
Pj���h� 2

N
vV where2 � is

$
the kinematic

viscosity.

To moreeasilyunderstandtheeffectof a zonalflow, we

decompose



thevelocity into a time-independent,axisymmet-
ric7 zonal componentvV̄ (] r^ ) h���̄ � (] r^ ) ����

where2 � is
$

the unit
vector
 in the azimuthaldirection� and& the remaindervṼ

vV�� r^ ,�`� ,� tSf�h� vV̄ � r^h�h� vṼ � r^ ,�`� ,� tSf  ¡ 3¢t£
with2 similar decompositionsfor the vorticity and potential
vorticity


¤�¥ r,�`¦ ,� tSf§h¨j©¯ ª r «h¬j­˜ ® r,�`¯ ,� tSf° ,� ± 4²

qOc³ r,�`´ ,� tSfµh¶ qŌ · qÕ ¸ r,�`¹ ,� tSfº ,� » 5¼t½
where2 ¾¯ (

]
r^ ) h¿ r^ÁÀ 1d

Â
(
]
r^hÃ̄ Ä )/ dr

ÂÆÅ
zÇ ÈÊÉ vV̄ . The zonal compo-

nentof the potentialvorticity is defined

qŌ ËjÌ¯ Í r^hÎhÏqÐ r^ . Ñ 6ÒtÓ
We
6

require qŌ to
!

be constant,which makes Ô̄ Õ (] r)
 hÖ

c× /\ rØ
qŌ r^ /2\ÚÙqÛ r^ 2/3

\
wherec× is

$
a constant.Note that qÕ (

]
r^ ,�`Ü ,� tS ) i

 
s

homogeneous
�

in vṼ and&
qÕ Ý r^ ,�`Þ ,� tSfßhàjá˜ â r^ ,�`ã ,� tSfähå zÇ æ vṼ . ç 7èhé

In
.

the absenceof forcing anddissipation

Dq
P

˜

Dt ê
ë
ë

tSUì vV í qÕ . î 8ïtð

The
�

advectivevelocity vV in
$

Eq. ñ 8ïtò contains" both the zonal
and& non-zonal components,whereasonly the non-zonal
component" of qO appears.& Thus qÕ advects& with the fluid ve-
locity.

Unlike
ó

3-D flows, incompressible2-D flows are invari-
ant& underrotation,so without loss of generalitywe can set
qŌ ô 0.
�

Note that due to this invarianceany constantmay be
added& to õ without2 changingthedynamics.Thusif only one
sign� of vorticity ö or1 chargein the plasmatrap÷ can" be cre-
ated,& a compactvortex of the oppositesign may be effec-
tively
!

createdby creatinga space-fillingvortex with a com-
pact� ‘‘hole.’’ We define the zonal shear as ø¯ (

]
r^ ) ù rd^ (

]ûú̄ ü /
\
r^ )/ dr
Âþý ÿ

2
�

c× /
\
r^ 2
N � � r^ /3.

\
If ��� 0

�
a centralcharged

wire2 in a trap producesa zonalflow with vV̄ � 1/r and& a non-
zerozonalshear.Equation� 8ï	� along& with thecomputationof
vṼ from



qÕ by
�

using Eq. � 7è	� and& the Biot-Savartlaw form a
compete" set of equationsfor determiningthe flow. At the
radialboundariesvṼ 
 0

�
for viscousflow and �̃ r � 0

�
for invis-

cid" flow. If theorigin is includedin thedomain � i.e., thereis
no= centralwire� analyticity& of vṼ mustA be imposedthere.

Equation
� �

8
ï	�

with2 inviscid boundary conditions con-
serves� circulation �˜ ��� qÕ dA

Â
; all momentsof the enstrophy�

qÕ n� dA
Â

for



integersn��� 1; energy � see� Sec.III C� ; andangu-
lar momentumor, equivalently,

L
 "!

qÕ # r^ ,�%$ ,� tS'& r^ 2dA
Â

. ( 9�	)
When
6

vV̄ * 0
�

andwhenthedomainis unbounded,angularmo-
mentumaroundany+ point,� not just the coordinateorigin, is
conserved," i.e.,

L
 -,

r.0/2143 qÕ 5 r. ,� tS7698 r.;: r.0<>= 2N dA
Â ?

10@
is conservedfor all r A .
III. EFFECTS OF THE ZONAL FLOW

A.
B

Breaking sign degeneracy

Vortices
C

with different signsof qÕ behave
�

asmirror im-
ages& when vV̄ D 0

�
but quite differently when vV̄ E 0.

�
When a

compact" regionof potentialvorticity hasthesignof its qÕ the
!

same� sign as the shear F̄ of1 its ambientzonal flow, it is
defined



as progradeG ; if the signsare oppositeit is adverse+ .
The breakingof the degeneracybetweenprogradeand ad-

1631Phys. Plasmas, Vol. 7, No. 5, May 2000 Vortex dynamics and zonal flows



verse
 vorticesis important;for example,oneneedsto under-
stand� why all of the long-lived jovian vorticesareprograde.
When
6

vH̄ I 0,
�

steadyvorticesareroundshaped,but whenem-
bedded
�

in a zonal flow, progradevortices becomenearly
elliptically) shapedwith their majoraxisalignedin thedirec-
tion
!

of the zonal flow. In fact, for compactvortices with
spatially� uniform qÕ J which2 is a goodapproximationfor many
geophysical} vortices21,23

N K
,� embeddedin CartesianzonalflowsL

i.e., with vH̄ a& function of y� and& in the xM direction

 N

with2 a
constant" O¯ ,� thesteady-stateequilibriaareexactlyelliptical in
shape� with aspectratio PRQ maximumA extentin xM divided



by

extent) in y�TS a& function of U¯ /
\
qÕ 24
N

VXW
1 Y[Z¯

qÕ M
\^]7_

¯ /
\
qÕ ` a 11b

where2

M cedgf4h 1 ikj-lnm 1 o 6
ÒTp-qkr 2

2 s 2 t . u 12v

BecauseM (
]xw

)
 4y

1 for z|{ 0,
�

the } of1 progradevortices is
nearly proportionalto (1 ~k�¯ /

\
qÕ )
 
. Thereare no steadysolu-

tions
!

for adversevorticeswith �̄ /
\
qÕ � (2
]����

3)
¢����

0.17.
�

The
equilibrium) shape of vortices in cylindrical zonal flows
and/or& with non-uniform qÕ can" be computedwith contour
dynamics

 25,26

N
and& show similar behavior with their � a&

monotonicA function of �¯ /
\
qÕ and& no steadyequilibria for ad-

verse
 vorticeswith �k�¯ /
\
qÕ � O

�
(1).
]

Numerical
�

simulationsshow adversevorticesto be un-
stable� to small, finite-amplitudeperturbations.This can be
understood� from the schematicof Fig. 1. Adversevortices
have two stagnationpoints close-byconnectedby the last
closed" streamlinethat circumscribesthe vortex which acts
like
<

a separatrix.Streamlinesbetweenthe separatrixandthe
edge) of the vortex alsocircumscribethe vortex. Thoseout-
side� do not, andfluid on themis carriedfar from thevortex.
Small
�

perturbationskeepthevortex’sqÕ within2 theseparatrix
and& closeto thevortex indefinitely.Largeperturbationspush
the
!

vortex’s perturbedqÕ outside1 the separatrixwhereit gets
carried" awayand is unlikely to rejoin it. Numericalsimula-
tions
!

verify that adversevortices are finite-amplitudeun-
stable� to Lagrangianperturbationswith displacementsbigger
than
!

thedistancebetweenthevortexedgeandtheseparatrix.
In
.

contrast,all streamlinescircumscribea progradevortex
and& thereis no separatrix.Numericalsimulationsshowthat
even) whenprogradevorticesareperturbedsothat theybreak
into two or morepieces,thepiecesoftenmergeto reformthe
vortex.
 Figure2 showsan initial conditionof a progradeand
adverse& vortex. The progradevortex relaxesto its equilib-
rium shapewhile the adversevortex is stretchedby �̄ and&
destroyed.

 �

The filaments are broken apart by a Kelvin-
Helmholtz
�

instability in Figs.2� d
	� –2� f
�� .� Laboratory
�

experi-
mentsA showthat progradevorticesarestableevenwhenthe
ambient& zonalflow is turbulent.17 In our initial-value calcu-
lations
<

progradevorticesarisefrom a variety of initial con-
ditions



includingunstablevortexrings,randomvortexfields,
and& solid-body rotation with random small-scaleforcing;

FIG. 1. Sketchof streamlinesfor an adversevortex � shaded� . Two stagna-
tion
�

pointsoutsidethe vortex are joined by the last closedstreamline� bro-
�

ken
 

curve¡ that
�

circumscribesthe vortex andactsasa separatrix.

FIG.
¢

2. Simulationof a flow in anannuluswith prograde£ adverse¤ q̃ light ¥ dark¦ at 8 times.Only theprogradeq̃ survives.Theadversevorticity is stretched
by
�

the zonal v̄ into small enoughfilamentsthat it is destroyedby numericaldissipation.Kelvin–Helmholtz instabilitiesareseenin the light spiralsin Figs.
d–f.
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while2 we never seeadversevortices form unlessthey are
includedaspart of an initial conditionandhave §k¨¯ /

\
qÕ © 1.

Zonal
ª

flows altervortexdynamicsby preventingvortices
from



having internal degreesof freedom. With no zonal
flow, a steady-stateround vortex can be perturbedinto a
time-dependent
!

state that oscillates or has waves on its
boundaries.
�

The different temporalbehaviorsallow vortices
to
!

havedifferent energiesalthoughthey havethe samecir-
culations," enstrophiesandmomentaasthesteadystates.Vor-
tices
!

embeddedin zonal flows with «¯ /
\
qÕ ¬ O

�
(
]
1) also have

time-dependent
!

equilibria, but our numerical simulations
show� that they are finite-amplitudeunstable;they quickly
relax back to their ­ approximate& ® steady� states ¯ with2 very
weak2 time dependence° by

�
sheddingvorticity andremerging

with2 it. During the relaxation,energyis exchangedwith the
ambient& flow ± see� Sec. III C² . Thus when vH̄ ³ 0

�
a vortex’s

late-time shapeand energyare determineduniquely by its
circulation," momentumand ambientvalue of ´¯ /

\
qÕ ; whereas

when2 vH̄ µ 0
�

a late-time vortex can be time-dependentand
havea rangeof energies.This distinctionwill be important
in determiningthe rulesof vortex mergerin Sec.III C.

B. Expulsion of adverse vorticity

Another
¶

reasonadversevorticeswith ·k¸̄ /
\
qÕ ¹ O

�
(1)
]

are
not observedis that theyarestretchedinto filamentsby vH̄ . If
the
!

zonalflow alternatesin directionso that º̄ changes" sign
as& a function of r^¼» as& it doesfor Jupiter and Saturn½ then

!
adverse& qÕ is expelledfrom its ambientzoneinto its neigh-
boring
�

progradezone where it rolls up and forms a stable
vortex.
 Figure3 showsa numericalsimulationthat illustrates
this
!

in an annular,rather than cylindrical, geometry.Here¾̄ ¿ (
]
r)
 4À

(
]4Á

(
]
r2
N
/6)
\

2 Â (
]
r0
Ã /
\
r)
 3Ä Å 0.48

�
r),
 

so Æ¯ (
]
r)
 

Ç (
]
r/3)
\

(
]
r0
Ã /
\
r)
 3ÄÉÈ 1 where2 r0

Ã is midway betweenthe inner
and& outer radial boundaries.Note Ê̄ (

]
r^ ) 4Ë 0

�
for r^ÍÌ r^ 0

Ã ,� andÎ̄ (
]
r^ ) 4Ï 0

�
for r^0Ð r^ 0

Ã . Initially both the inner andouter zones
each) containoneprogradeandoneadversevortex,with light
regionscorrespondingto qÕ Ñ 0

�
and dark to qÕ Ò 0.

�
In each

case" the adversevorticity is expelled in a spiral. Part is
stretched� to the small scaleswhere it is destroyedÓ by

�
nu-

mericaldissipationÔ and& part of the adverseqÕ crosses" r Õ r0
Ã

where2 it becomesprogradeandrolls up Ö see� middlesequence
of1 Fig. 3× ,� eventuallysettling into a stableequilibrium. In
contrast" the two initial progradevorticesbarelychange.

To understandthis, consider the schematicin Fig. 4
which2 shows part of the first frame of Fig. 3. The dark,
adverse,& potentialvortex with qÕ Ø 0

�
is drawnshaded,and it

lies in a shearwith Ù¯ Ú 0.
�

The vH̄ (
]
r)
 

is representedby heavy
arrows.& The figure is drawn in the rotating framewherethe
center" of potentialvorticity of theshadedvortex is at rest,so
vH̄ (] r^ ) is approximatelyzero at its center. An infinitesimal
piece� of qÕ labeledA moveswith vH (] r,� tS ) 4Û vH̃ (

]
r,� tS ) 	Ü vH̄ (] r)

 
. The

Biot-Savartlaw givesvH̃ Ý shown� with thin solid arrowsÞ ; it is
clockwise" aroundthe vortex, and at A

ßáà̃ âäãnå qÕ R
æ

rç /2\ where
R
æ

r is
$

the vortex semi-radiusin r^ . Taylor expansionof vH̄
around& the vortex centergives vH̄ ; at A,�|è̄ éäê Rr ë̄ . Thus ifìîí̄

/
\
qÕ ïñð O

�
(1),
]

fluid elementA is draggedto the right andB
to
!

the left ò shown� with brokenarrowsó . The clockwisemo-
tion
!

of vH̃ then
!

pushesA
ß

downward



and outwardto the ad-

joining
+

zoneand B upward� towardsthe annulus’boundary.
If
.

thesignof theshadedvortexwerereversedsothat it were
prograde,� thenbothvH̄ and& vH̃ initially

$
moveA

ß
to
!

theright and
B to
!

the left. Thenthe counter-clockwisevH̃ would2 pull both
A and& B away& from theboundariestowardsthecenterof the
prograde� zone.Thusfor ô¯ /

\
qÕ õ O

�
(1),
]

prograde� qÕ is
$

drawnin
towards
!

the centerof a progradezone while adverseqÕ is
$

expelled.)

FIG.
¢

3. Six different times in the evolutionof four potentialvorticesin an
annulus.The shear ȫ (r) of the zonal flow changessign at a radius r0

÷
halfway
ø

betweentheinnerandouterradialboundaries.The ù̄ (r) is negative
in the outer region. The light ú darkû vortices have q̃ ü 0 (q̃ ý 0), so light
vorticesareprogradein the inner half andadversein the outerhalf of the
annulus.The piecesof vorticity that are initially adversebut crossover rþ r0
÷ to
�

becomeprogradedeveloptadpole-likeheads,roll up, and survive;
while those left behind continue to stretch and eventually decay due to
numericalÿ dissipation.

FIG.
¢

4. Schematicof Fig. 3 showingadverseq̃ being
�

expelled.Theadverse
q̃ � 0 is shaded;the zonal velocity v̄ is indicatedwith heavy arrows, the
self-inducedṽ computedwith theBiot-Savartlaw with thin arrows,andthe
total
�

velocity v which advectsthe q̃ at A andB with brokenarrows.
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C.
�

Vortex merger

Only
�

vorticeswith like signsmerge,but mergeris quite
different



andmuchmorecommonwhenvH̄ � 0.
�

It is important
to
!

understandwhy this happens.For examplein the jovian
atmosphere,& which is dominatedby zonal winds, the long-
lived
<

vortices survive by constantlymerging with smaller
vortices
 that are continually created by the local
‘‘weather.’’ 20 If merger were difficult, Jupiter’s ‘‘long-
lived’’ vorticeswould disappear.

When
6

vH̄ � 0
�

vorticesmustbe within approximatelya di-
ameter& of eachother to merge.When they do, they shed
largefilamentsof qÕ outward1 far from their centerof vortic-
ity, so the resultingmergedvortex hasmuch lessareaand
circulation" than that of the two initial vortices.Two point
vortices
 � delta



functionsof qO�� can" nevermerge.They rotate

around& their commoncenterof vorticity � and& interactwith
the
!

boundariesif there are any	 . As shown below it takes
energy) to push two like-signedvortices together,so in the
absence& of vH̄ ,� it is necessaryto throw large amountsof qO
outward1 in order to push togetherpiecesof two different
vortices
 in order to conserveenergy. In the absenceof
boundaries,
�

angularmomentum,which is conservedabout
every) point including the centerof vorticity 
 see� Eq. � 10��
 ,�
also& preventsvortices from merging unless a significant
amount& of qO is

$
thrown outward.

Vortex
C

mergeris morecommonin thepresenceof zonal
flows for severalreasons.Angular momentumis conserved
only1 with respectto the origin, and vH̄ pushes� vortices to-
gether.} So exceptat the origin, angularmomentumconser-
vation
 is not a barrier to merger.Energyis still conserved,
but
�

now includesan interactionterm E int between
�

vH̃ and& vH̄
which2 cansupplytheenergyneededto pushtwo like-signed
vortices
 together.To seethis write theenergyE

�
as& a sumof

two
!

pieces:E
�

self the
!

self-energyandE
�

int .

Eself��� 1

4 � qÕ � r,� tS�� qÕ � r � ,� tS�� ln � r � r ��� dAdA
Â �  

13!

E
�

int "�# qÕ $ r% ,� tS�&('̄ ) r^(* dA
Â +

14,
where2 the integralsareover area- s��. of1 the domainand /̄ (

]
r^ ) 

is the streamfunction 0 electrical1 potentialin the plasma2 of3
the
4

zonal componentof the flow: 5̄ 6 (
7
r8 )9;: d

Â=<̄
/
\
dr
Â

. Not sur-
prisingly> E

�
self is

?
of the same form it would be for 2-D

patches> of electriccharge.Two chargesor patchesof vortic-
ity with the samesign increasetheir energy @ andA therefore
requireB it from some external sourceC if

?
they are brought

together.
4

We can approximatethe changesin Eself andA E int

due
D

to the mergerof two identical vortices with potential
vorticitiesE qÕ ,F circulationsG˜ HJI qK̃ dA

Â
andA averageradii R

æ
. Let

the
4

vortices be embeddedin vH̄ L cM /
N
r,F and assumethat the

lengthover which Ō variesE is largecomparedto R andA that
R
æ

/
N
D
PRQ

1 whereD
P

is
?

the initial separationbetweenthe vorti-
ces.S Let r8 0

Ã be
T

the meanradial location of the vortices: r8 0
Ã2

UWV r2qK̃ dA
Â

/
N�X˜ ,F which is a constantof the motion. Assuming

that
4

the two vorticesmerge,we canpredicteverythingabout
the
4

mergedvortex: Y 1Z its
?

valueof qK̃ is
?

thesameasthatof the
initial vortices; [ 2\ it is locatedat radiusr0

Ã ; ] 3¢(^ it is approxi-

mately steadyin time _ see` Sec. III A a andA embeddedin a
shear` b̄ (

7
r0
Ã )9 with a nearlyelliptical shapegivenby Eq. c 11d ;

andA e 4f its areais 2A andA circulationis 2g˜ because
T

theyare
conservedS quantitiesof the total flow, andnumericalsimula-
tions
4

showthateventhoughcirculationcanbestrippedfrom
the
4

vortices during violent mergers,most of it eventually
re-attachesh unlikei mergerswith vH̄ j 0

k�l
. To leadingorder,the

increasein Eself afterA mergeris

m
Eselfn

o˜ 2

2 p ln q D/
N
R r;s 0.

k t
15u

By
v

Taylor expandingw¯ (
7
r8 )9 aboutr8 0

Ã andA writing r8yx r8 0
Ã{z y| ,F

we} find to leadingorder in y| /
N
r0
Ã

E
�

int ~ t���;�����̄ � r0
Ã��

2
� qK̃ � r8 ,F�� ,F t��� y| 2

�
dA
Â �

16�

where} we have ignored an additive constant.The quantity� �
qK̃ (
7
r8 ,F�� ,F t� )9 y| 2

�
dA
Â��

is
?

a measureof the radial width of the
vortexE or vortices.If thetwo initial vorticesarelocatedat the
same` radius,thenthemergedvortexhasthesameshape,but
twice
4

their area,so its radial width is larger.Thusfrom Eq.�
16� ,F�� E

�
int(
7
t� )9 is negative� positive> � afterA the mergerof pro-

grade� � adverseA � vortices.E The total changein energy � E is
positive> for the mergerof adversevorticesbut could be of
either1 sign for progradevortices.If the two initial vortices
have a radial separation b

�
,F then the change in  ¡

qK̃ (
7
r,F�¢ ,F t� )9 y| 2

�
dA
Â�£

due
D

to mergeris a monotonicallydecreas-
ing
?

function of b
�

. For progradevortices there is a critical
valueE b

�
crit¤�¥ 2

�
R
æ

such` that ¦ E
�¨§

0.
k 27 A

©
standardargument

usedi in fluid dynamicsis thata flow will undergoa kinemati-
callyS allowable transition if the energyof the final stateis
less
ª

thanthe initial.28 As
©

appliedto the mergerof vorticesit
means« that if ¬ E

�¨­
0,
k

a mergerwill occur and the energy® ¯
E ° is transferredfrom the large-scalecoherentvorticesto

the
4

turbulent, small-scalecomponentof the flow. Merger
would} only be possiblefor ± E

�¨²
0
k

if energycould be con-
trived
4

to go from the turbulenceinto the coherentvortices,
andA this is not observed.Numericalexperimentshavecon-
firmed to within 5% that progradevortices with b

�´³
b
�

crit¤
merge,« andthosewith greatervaluesdo not.27 Two

µ
adverse

vorticesE with large b
�

couldS lower their energyby merging,
but
T

clearly it is necessaryfor the vorticesto approacheach
other3 before they could merge.Becausethe vortices move
with} vH ,F it is not obvioushow theycoulddo soandovercome
their
4

large initial separationin radius.We know of no nu-
mericalor observationalexamplesof adversevortex merger
with} ¶¸·̄ /

N
qK̃ ¹»º 0.1.

k
In fact, it is energeticallyfavorablefor a

single` adversevortex to fissionwhich explains,in part, their
finite-amplitudeinstability.

Various
¼

hypothesesbasedon entropymaximization,2
�
9–33

enstrophy1 minimization,34,35
Ä

andA statistical mechanics3
Ä

6–38

have
½

beendevelopedto predictvortexmerger ¾ andA theequi-
libria of arraysof vortices¿ . However,thesepredictionsdo
not appearto work for vH̄ À 0.

k
This maybedueto thefact that

the
4

theoriesdependon the flows’ ergodicity.Numericalex-
periments> with for vH̄ Á 0

k
showthe flows arenot ergodicand

havestrong‘‘memories’’ of their initial conditions.27
�
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IV. SPONTANEOUS GENERATION OF ZONAL FLOWS

A. Physical and mathematical description

Zonal
ª

windsandjet streamsoccurnot only on Earthbut
alsoA on all of our solarsystem’slargegaseousplanetsÂ Jupi-

Ã
ter,
4

Saturn,UranusandNeptuneÄ . It is still an openquestion
asA to what createdand maintainsthem for long periodsof
time.
4

Jupiter’s zonal jet streams Å or3 more accurately,the
cloudS patternsthat we associatewith themÆ havebeenob-
served` for morethan350 years.

When
Ç

a zonalflow is not imposedon thefluid andwhen
the
4

fluid startsat rest,a small-scaleforcing can lead to the
creationS of largecoherentstructuressuchaszonalwinds viaÈ
anA inverseenergycascade—underÉ the right conditions. In
this
4

sectionwe considerthe effectsof a Ê term
4

and large-
scale` dissipationon the cascadeand the resultingcoherent
structures.` To simplify thepresentationwe useCartesianco-
ordinates3 with y| actingA like theradialdirectionandxM like the
azimuthal.A We do not usethedecompositionof variablesinto
their
4

zonalandnonzonalcomponents.
We
Ç

begin with Eq. Ë 1Ì but
T

now explicitly considerthe
rolesof theforcing F(

7
xM ,F y| )

9
anddissipationD. Theforcing in

aA rotatingatmosphereis F
Í¨Î

2
��ÏÑÐÓÒ

zÔ (7 xM ,F y| )/
9ÖÕ

z× ,F whereØ is
?

the
angularA velocity of the rotatingfluid layer andz× is

?
the verti-

calS coordinate.15 An atmosphere,suchastheweatherlayerof
Jupiter
Ã Ù

which} containsthe visible cloudsÚ ,F would be ex-
pected> to havelarge Û negativeÜ Ý valuesE of Þàß z(

7
xM ,F y| )/

9Öá
z× atA the

locationswherevertical plumesof fluid rise from the under-
lying
ª

convectivelayer and abruptly stop at the tropopauseâ
which} we take to be the upper ‘lid’ of our Jovian atmo-

spheric` model,wherethe atmospherebecomesstronglyver-
tically
4

stratifiedandseverelyinhibiting to verticalmotionã .20
�

Both
v

theoryandthe limited observationsof plumesindicate
that
4

theyoccuron smallscalesä lessthan500km—compared
with} zonalwidths of order10000 kmå over3 a narrowrange
of3 length scale.Thus we model F

Í
with} forcing at a pair of

high-wavenumber
½

k
æ

f Fourier
ç

modes: F
Í¨è

(
7
A
é

/2)
N

êìë
eí i(
î
k
ï

f /
ðòñ

)
ó
xô eí i(
î
k
ï

f /
ðòõ

)
ó
yöø÷ eí i(

î
k
ï

f /
ðòù

)
ó
xô eíûú i(

î
k
ï

f /
ðòü

)
ó
yöøý c.c.Sÿþ . The dissi-

pation> D
P�� ��� /

N����	� hyper
 12� in
?

Eq. � 1
 has
½

two terms.One
is
?

hyperviscositywhosepurposeis to preventa numerical
instability andwhosenumericalcoefficient � hyper

� �
12 is self-

normalizing � with} no pre-assignedvalues� andA designedto
prevent> enstrophyfrom piling up at thesmallestnumerically
resolvablescale.All 2-D calculations,even‘run-down’ ex-
periments,> � defined

D
as thosewith F � 0,

k������
andA nonzero

initial
?

conditions� include
?

this term or an equivalent‘turbu-
lent
ª

viscosity’ to preventinstability � see` Ref. 21� . The other
term
4

in D is a Rayleigh friction or Ekman dissipation.It
models« any phenomenathat dissipatespotentialcirculation,
or3 momentumin the layeron time scale � � which} dissipation
terms
4

that can be written as a horizontaldivergencecannot
do
D"!

such` as oblique Rossbywaves,secondarycirculations
with} a vertical component,or turbulent upper or lower
boundaries.
T 22

�
Unlike
#

molecularviscosity or hyperviscosity,
this
4

term mostly dissipatesenergyat large scalesif the en-
ergy1 spectrumdecreaseswith wavenumber.

Thusin this sectionwe areinterestedin solutionsto

$&%
$

t�('*) vH +-,/.1032 y46587 9-:<; A/2
N-=?>

eí i(
î
k
ï

f /
ðA@

)
ó
xô eí i(
î
k
ï

f /
ðAB

)
ó
yö

C
eí i(
î
k
ï

f
D /ðAE )

ó
xô eíGF i(

î
k
ï

f
D /ðAH )

ó
yö?I c.c.SKJML	N hyper

� O
12P Q 17R

over3 a computationaldomain of L S L. Ideally, we would
like
ª

to solvethis flow overan infinite domain,but aslong as
L
T

is
?

muchlargerthanthelargest-scalefeaturesof thesystem,
box-size
T

effectsare unimportant.When the largestfeatures
approachA the size of the computationaldomain,finite-area
effects1 becomeimportant U see` Ref. 21V .

For
ç

all flows, the initial velocity is machinezero.There
is a 5-dimensional W 3-nondimensional

X Y
parameter> spaceto

explore:1 Z ,F L,F/[ ,F k
\

f
] ,F and A,F thoughwe postponechoosing

non-dimensionalÜ units until Sec.IV E.

B. Energy spectra

Theargumentsfor theKolmogorovenergyspectrumare
the
4

samefor 2- and 3-D flows and independentof whether
the
4

energyforward cascadesfrom large to small scalesor
inversecascades.39

Ä
The argumentdependsonly on the as-

sumption` thattheenergytransferin Fourierspacê k_ is local
andA conservative

E ` k\�acb cM kg
dfe Ėupgih 2/3k

\Gj 5/3
k l

18m
where} thekinetic energyperunit massis E npo 0

Ã q E(
7
k
\
)
9
dk
r

,F and
Ėupg is the rate of transferup s or3 downt the

4
spectrum.The

dimensionless
D

Kolmogorov constantcM kg
d in 3-D flow is ap-

proximately> 1.5.39
u

It
v

is convenientto use the notion of an
‘eddy’ asthecoherentcomponentof thevelocity madeup of
aA bandof Fourier modeswith wavenumbersbetweenw k x /2N
andA y k z with} energy

{
eddy|~} k\&�c�

k
ï

/2
ð
k
ï

E
�i�

k
\��

dk
r

. � 19�

C.
�

Overview of numerical results

Unlike
#

‘run-down’ experimentsin which all initial con-
ditions
D

and all parametervalues � with} �(� 0
k��

that
4

we tried
produced> zonalflows,very few choicesof parametersfor Eq.�
17� did.

D
For aninversecascadeto occur,certaininequalities

of3 thefive parametersmustbemet.Discussionof thesecon-
ditions
D

will follow. Only when theseconditionsare met do
our3 calculationsproducecoherentstructures.Most regions
within} our 5-dimensionalparameterspacedo not satisfy the
necessaryÜ conditionsfor a nonlinearcascade,so mostof our
calculationsS neverproducedlarge-scalefeaturesandresulted
insteadin energyspectraconfinedto a delta function at k

\
f .

When
Ç

an inverse cascadeof energy occurred,it pro-
duced
D

a final, statistically steadystate that had east–west
zonal jets or eddies.For runs which formed east–west jets,
there
4

was a wide rangein their numberand size. For runs
which} formededdies,therewasalsoawide range,thoughfor
each1 numerical calculation in which there was an inverse
cascadeS therewasalwaysonewell-definedsize.

Some
�

examplesof runs which establishan inversecas-
cadeS andproducecoherentfeaturesaregivenin Figs.5–7. In
parts> � aA�� of3 Figs.5 and6, we haveplottedtheeast–west(x� )

9
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velocityE as a function of latitude (y| )
9

at 10 different longi-
tudes
4

(x� )
9
. Note that in Figs. 5� aA�� andA 6� aA�� the

4
east–west

extrema1 of thejetscorrelateremarkablywell eventhoughthe
flow
�

is highly turbulent,indicatingthat theseflows havebe-
comeS zonal. It is importantto note that evenwith the same
valuesE of � these

4
flows canhavea differentnumberof zones�

five
�

for Fig. 5 but ten for Fig. 6� . Thezonaljetscanvary in
appearance;A they are very laminar-lookingin Fig. 6� aA�� but

T
much more turbulent-lookingin Fig. 5� aA�� . This contrastin
appearanceA canalsobe seenin the streamfunctionsplotted
in
?

Figs.5� bTM  andA 6¡ bTM¢ . Theflow in Fig. 5£ bTc¤ consistsS of much
more turbulence,waves, and eddies,and although this is
taken
4

at onemomentin time, it is representativeof the fea-
tures
4

of the systemoncethe statistically-steadyequilibrium
hasbeenestablished.

Figure 7 representsa run wherezonesare neverestab-
lished.
ª

Large-scale,isotropic eddiesare embeddedwithin a
turbulent
4

flow, but thereis no evidenceof east–westjets.For
Fig. 7 in particular,the wavenumberassociatedwith large-
scale` coherentfeaturesis k

\¦¥
58,
§

but othernumericalexperi-
ments« yieldededdiesof different scalesaswell.

D. Determination of the size of coherent features

It
v

is possibleto produceflows with any¨ numberÜ of zones.©
This is not just due to our re-scalingthe length—allof the

runswerecomputedondomainswith L ª 1.0.« In this section
we} considerbalancebetweenthe energyinput and dissipa-
tion
4

ratesin Eq. ¬ 17­ andA from it derivetheconditionsunder
which} zonesor other large-scalecoherentfeaturesform and
their
4

characteristicwavenumbersk
\

min® . We shall show that
dissipation-forcing
D

balancesetsthe scale ¯ notÜ ° ,F since the
theory
4

works evenwith ±(² 0
k´³

.
Multiplying bothsidesof Eq. µ 17¶ by

T
thestreamfunction·¹¸

where} vº´»*¼p½p¾À¿ zÁ andA integrating over the domain
gives� an equationfor E

�
:

Â
E
�
Ã

t�ÅÄÇÆ
2
�

E
�
ÈÊÉ Ė ËÍÌ Ė in Î 20Ï

where}

E
� ˙

in Ð t�ÒÑcÓ*Ô 2
��Õ 2

�
A
é×Ö�Øˆ Ù kÚ f /

NÜÛ
,F kÚ f /
NÜÝÇÞcßÀàˆ á kÚ f â ,Fäã k

Ú
f /
NÜåçæ?è

c.c.SKéê
21ë

where} a ‘hat’ over a quantity meansthe discreteFourier
transform
4

of thatquantity,22
�

andA whereĖ ì is theenergyloss
rateB per unit massdueto hyper-viscosity.In generalwe find
that
4

the numericalcalculationshave little loss from hyper-
viscosityE í typically,

4
E
� ˙ îÍï 0.08

k
E
� ˙

in
ð´ñ because

T
energy inverse

FIG. 5. ò aó Theeast–westvelocity asa functionof latitudeyô at 10 different
valuesof longitude;i.e., õ xö (x÷ i

ø ,yô ) at x÷ i
ø ù (i/10)

ú
L
û

for i ü 1,2,...,10; and ý bþ�ÿ
stream function � (x÷ ,yô ) for a numerical simulation with � * � 73.2, k

�
f*� 1.17,andL

û
* � 273. � SeeSecIV. for our definitionof dimensionlessunits

indicatedby a * .� Thesefiguresarecomputedat a late time (t �
	 ) after the
flow hascometo a statisticallysteadystate.

FIG.
�

6. SameasFig. 5, but for � * 
 44.0,
�

k
�

f
�* � 195, andL

û
* � 454.
�

Herethe
zonalflow is much moreregularandtherearemanymorezones.
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cascadesS to largescalesratherthanforward cascadingto the
small` scaleswhere hyper-viscosityis effective. Thus, to a
first approximationthe upward energytransfer rate in Eq.�
18� is

E
� ˙

up��� 2E��� E
� ˙

in . � 22
���

We
Ç

considerthe energybalanceat k � kf by
T

examining
the
4

kf
� -Fouriercomponentof Eq. � 17 :
!#"

ˆ $ kf% /N'& t�)(+*+,.-'/ 0 1)24365
kf
798;:=<ˆ yö?> kf@6A A/2

N;BDC ˆ E
kf
7

FHG ˆ I kfJ /NLK M
23N

where} a vertical bar with subscriptindicatesthe wavevector
of3 the transformedquantity.WhenEq. O 23

��P
is
?

multiplied byQSRˆ TVU
k
W

f
7 it
?

determinesthe time evolutionof theenergyin the
kf -Fouriermode.We would expect,andour numericalcal-
culationsS verify, that there is a dominantbalancebetween
two
4

terms in Eq. X 23
��Y

for
Z

the parameterrange where the
solutions` form large-scaleflows. The forcing dueto the A

é
/2
N

term
4

in Eq. [ 23\ not only supplies the energy to the
kf -Fouriermodebut alsoto theentireflow. For theflow not
to
4

run down, this must be one of the two dominantterms.
The
µ

linear termsin Eq. ] 23
��^

cannotS balancetheforcing term,
e.g.,1 if eitherof the two dissipationterms _ i.e.,

? `Ha
ˆ /
NLb

or3dc ˆ e
did,
D

then the energywould go into the k
æ

f
� mode,« dissipate

there,
4

and be incapableof creatinga zonal or other large
spatial-scale` flow. Nor can the f term

4
balanceA/2

N
because

then
4

therewould beno dissipation,andtheflow would create
Rossby
g

waves15 with} wavevectork
æ

f that
4

would build in am-
plitude> until there was a numerical blow-up. The balance
mustbe by the nonlinearterm becausethis is the only term
that
4

cantransferenergyout of the k
æ

f
� mode« to other h larger

ª i
modes.« This arguesthat threeinequalitiesand one equation
areA necessaryconditionsto createzonalor any othertype of
largescaleflow:

j
A kVlnmpo=q ˆ r kf

�ts?u v 24wx
A yVzn{}|�~ 1 � ˆ � kf�?� � 25�
�
A
é��V�n� � ˆ

k
W

f
7
� �

26
���

�
A �V�n�V�.� vº � ���4�

kf
7
�
. � 27�

These
µ

relationshavebeenverified numerically.
By
�

writing the right-handsideof Eq. � 27
���

asA a convolu-
tion
4

sumin k it canbeshown22
�

that
4

it is approximatelyequal
to
4

k
Ú

f
�2���

eddy  (
7
k
Ú

f)
9
. Using this approximationwith Eqs. ¡ 19¢ andA£

27
��¤

allowsA usto write E
¥ ˙

up� in
?

termsof thecontrolparameters

E
¥ ˙

up��¦ cM p§ Aé 3/2
¨

k
Ú

f© 2 ª 28
��«

where} cM p§ is a dimensionlessconstantof order unity. Our
numericalÜ experimentsshowthat cM p§ is

?
universallike cM kg

¬ , iF n
the
4

sensethat it is nearlyindependentof the valuesof ­ ,F L
®

,F¯ ,F k
Ú

f ,F andA.
The constraint inequalities ° 24± andA ² 25³ canS now be

written} in termsof the control parameters:22

A
é 1/2k

Ú
f
´}µ;¶ · 29

��¸
andA

A
éD¹Sº 2. » 30

¼�½
Inequality ¾ 26¿ is a constrainton thenumerics,not thephys-
ics, sowe disregardit in our discussion.All of thenumerical
resultsB presentedin Sec. IV B that form large-scaleflows,
either1 zonesor eddy fields À e.g.,1 the flows in Figs. 5–7Á ,F
satisfy` the constraintinequalities Â 29Ã andA Ä 30

¼�Å
,F and all nu-

mericalcalculationsthat we carriedout for which either in-
equality1 wasnot satisfiedfailed to producelarge-scalesflows
andA the energyremainedin Fouriermodeswith k

ÚÇÆ
k
Ú

f .
If we ignorethe effect of È ,F thenaccordingto Eq. É 22Ê ,F

the
4

kinetic energyinversecascadesfrom k
Ú

f
´ to
4

larger length
scales` until it reacheswavenumberk

Ú
min®† where}

E
¥ÌË

k
ï

minÍ†Î
Ï

E
¥ÑÐ

k
Ú#Ò

dk
ÓÕÔSÖ

E
¥ ˙

up� /2.
N ×

31
¼�Ø

If
v

the Kolmogorovscaling Ù 18Ú is
?

valid for k
ÚÜÛ

k
Ú

f
´ ,F then

Ėup��Ý 2
�
Þ

k
ï

minÍ†Î
k
ï

f
D

cM kg ß Ėup�4à 2/3
�

k
ÚÜá 5/3
k

dk
Ó â

32
¼äã

å 3
¼
æ cM kgç E¥ ˙ up�4è 2/3

�äé
k
Ú

min
† ê?ë 2/3

�
1 ì k

Ú
min
†

k
Ú

f

2/3 í
33
¼�î

ï 3
¼
ð cM kg
¬òñ Ėup�4ó 2/3ô kÚ min®† õ?ö 2/3. ÷ 34

¼�ø
The largecoherentstructureshavewavenumberk

Ú
min®†

k
Ú

min
† ù ú

3
¼
û 3/2
¨

cM kg
3/2
¨

E
¥ ˙

up� ü 1/2ýnþ 27
�

cM kg
3
¨

/
N
cM p§ ÿ � 3/2

¨
k
Ú

f A
é�� 3/4

¨ �
35
¼��

where} we usedEqs. � 22� ,F
	 28� ,F and � 34
¼�


. This predictsthe
dominant
D

scale for eddiesin the caseof non-zonalflows.
Equation � 35

¼��
canS only makesenseif k

Ú
min
† � k

Ú
f
´ so` we might

FIG. 7. Stream function � (x÷ ,yô ) for a numerical simulation with � *� 1484, k
�

f
�* � 1.37, and L

û
* � 936. Here the flow shows a well-defined

prominent� wavenumber(k
�

pk��� 58) but the flow producesan isotropiceddy
field ratherthaneast–westzones.
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considerS this to bea constraintinequalityin additionto those
alreadyA listed. However,it is trivially satisfiedif inequality�
30
¼��

is
?

satisfied.
For
ç

small valuesof � ,F oncethe valueof the dimension-
less, order-unity constantscM p§ andA cM kg areA determined,our
scaling` laws correctlypredictall of the grossfeaturesof the
numericalÜ simulationsin termsof the input parameters� ,F��
k
Ú

f
´ ,F and A: Ėup�! from Eq. " 28#%$ ,F E & cM p§ A (

î('
3/2)
¨*)

/2
N

k
Ú

f
´2�,+ from

Eq. - 22.%/ ,F andk
Ú

min®† 0 from Eq. 1 35
¼�2%3

. Note that the resultsare
independent
?

of L
®54

asA we arguedin Sec.IV A on theassump-
tion
4

that 2 6 /
N
k
Ú

min
† 7 L

®
—althoughwhen 2 8 /

N
k
Ú

min
† 9 L

®
,F the nu-

merical resultsdependon L21
�;:

. The expressionsfor E,F Ėup�
andA k

Ú
min®† depend

D
only on < andA thecombinationof parameters

(
7
A3/2
¨

k
Ú

f
´ = 2)
9

but not on A or3 k
Ú

f independently.This is due to
the
4

fact that thevalueof (A
é 3/2
¨

k
Ú

f> 2)
9

determinesE
¥ ˙

up� . Whether
the
4

energyspectrumE(
7
k
Ú
)
9

beginsat k
Ú

f or3 someother value
hasvery little effecton E, oF r k

Ú
min®† if k

Ú
f ? k
Ú

min®† . @ This is math-
ematically1 equivalentto ignoring the (k

Ú
min®† /
N
k
Ú

f)
9 2/3
�

term
4

on the
right-most side of Eq. A 33

¼�B
.C It may define the rangeover

which} the spectrumextends,but the k
Ú

min®† depends
D

primarily
on3 the valuesof E

¥ ˙
up� andA D . Note thoughthat constraintin-

equalities1 do
Ó

depend
D

separatelyon the valuesof k
Ú

f andA A.
Basedon our numerical findings that cM p§ is approximately
constant,S we nondimensionalizeour results E indicated

?
by an

asteriskA F by
T

choosingunits of length and time suchthat cM p§
A
é 3/2
¨

k
Ú

fG 2
�IH

E
¥ ˙

up�KJ 1 and LNM 1. The input variablescanthenbe
written} as O * ,F L

®
* ,F andk

Ú
f* , sF o if

P
anA inversecascadesforms,

the
4

grossfeatureswill dependonly on Q * ,F but theconstraint
inequalities
?

will dependalsoon k
Ú

f* andA L
®

* .

E. Effect of R
Theprecedinganalysisof thesizeof coherentstructures

was} independentof S andA appearsto be in conflict with the
generally� acceptedbelief that it doesdependon T .40 To

µ
re-

solve` this,definea band U analogousA to aneddyV asA a coherent
featuremadeof Fourier componentswith k

Ú
x W 0
k

wherek
Ú
/2
N

X
k
Ú

yY[Z k
Ú
. Modes with k

Ú
x\[] 0
k

have velocities only in the x^
direction,
D

so they contributeto the zonal componentof the
flow
�

andnot to eddies.Considerthe componentE
¥

zone(
7
k
Ú
) o
9

f
the
4

total energyspectrumE(
7
k
Ú
)
9

due only to Fourier modes
with} k

Ú
x\[_ 0,
k

anddefineE
¥

eddy  (
7
k
Ú
)
9a`

E
¥

(
7
k
Ú
)
9ab

E
¥

zoneÔ (
7
k
Ú
)
9
. Then the

energy1 of a bandof wavenumberk
Ú

is
?

c
zoned kÚfeag

k
ï

/2
ð
k
ï

Ezoneh kÚji dk
Ó

. k 36
¼�l

We
Ç

found numericallythat the scalingof the amplitudesof
the
4

Fouriermodeschangeswhen m is
?

includedin the calcu-
lation. For large n andA ‘large’ will bedefinedbelowo the

4
scal-

ing of Eeddy  (
7
k
Ú
)
9

remainsunchangedandproportionalto k
Úqp 5/3
k

.
However,
r

our numericalcalculationsshowthatthescalingof
Ezone(

7
k
Ú
)
9

changeswhen s is includedandyields

E
¥

zonet kÚfuav cMxwzy 2
�
k
Úq{ 5
k
,F | 37

¼�}
or3 equivalently

~
zone� kÚf�a��� 15/4� cMx��� 2

�
k
Úq� 4
� �

38
¼��

where} cM�� is a dimensionlessconstantof order-unity. Our
numerically computedvalue is cMx�f� 0.08

k �
0.015.
k

The k
Úq� 5
k

scaling` in Eq. � 37
¼��

is
�

illustratedin Fig. 8. Heuristically this
can� be explainedby noting that the term proportionalto �
and� the nonlinearterm in Eq. � 23� scale� differently with k

Ú
.

Multiplying
�

the equationby �ˆ (
�
k
Ú
)
�

and averagingover all
wave� numbersbetweenk

Ú
and� k

Ú
/2
 

makesthe ¡ term
¢

approxi-
mately £¥¤ eddy  (

�
k
Ú
)
�

and the nonlinear term approximately
k
Ú 2
¦¨§

eddy  (
�
k
Ú
)
�ª©

zoneÔ1/2 (
�
k
Ú
)
�
. Balancing these two terms gives the

scaling� in Eq. « 38
¼�¬

.
Numerical
­

simulations ® see� Fig. 8̄ show� that E
¥

eddy  (
�
k
Ú
)
�

obeys° Kolmogorov k
Ú²± 5/3
k

scaling� over a wide rangeof k
Ú
,³

while� Ezone(
�
k
Ú
)
�

simultaneouslyobeysEq. ´ 37
¼�µ

. The total en-
ergy¶ spectrumis the sumof E

¥
eddy  (
�
k
Ú
)
�

andE
¥

zoneÔ (
�
k
Ú
),
�

or

E · kÚj¸a¹ cº kg» Ėup�½¼ 2/3
¦

k
Úq¾ 5/3
k�¿

cº�À�Á 2
¦
k
Ú²Â 5
k
. Ã 39

¼�Ä

For
ç

k
ÚqÅ

k
Ú

b
Æ the
¢

secondterm dominatesandvice versa,where

k
Ú

b
Æ[Ç cº kg

¬ È 3/10
¨

cºxÉ3/10
¨

Ėup� Ê 1/5Ë 3/5
¨�Ì

cº kg
¬ Í 3/10
¨

cºxÎ3/10
¨

cº p§ Ï 1/5k
Ú

f
´2/5
¦

A Ð 3/10
¨ÒÑ

3/5
¨

.Ó
40
Ô5Õ

For
ç

choicesof input parameterssuchthat k
Ú

b
Æ[Ö k
Ú

min
† ,³ theKol-

mogrov× scalinglaw is a goodapproximationto Eq. Ø 39
¼�Ù

,³ but
for
Ú

k
Ú

b
Æ[Û k
Ú

min
† ,³ the correctapproximationis

E Ü kÚjÝaÞ cº kg
¬àß E¥ ˙ up�½á 2/3k

Úqâ 5/3
ã

k
Ú

b
Æ[ä k
Úqå

k
Ú

f
´

cº�æ�ç 2k
Ú²è 5
ã

k
Ú

min®êé k
Úqë

k
Ú

b
Æ .

ì
41í

In
î

Eq. ï 41
Ô�ð

,³ k
Ú

min® is
�

thesmallestwavenumberof theflow and
is
�

determinedas in Eq. ñ 31
¼�ò

by
ó

balancingthe energydissi-
pationô ratewith the input rate

FIG. 8. CompositeshowingthespectraEzone* (k
�

* ) andEeddyõ* (k
�

* ) for all runs
that
ö

producedzonal flows. For all of the runs, the inertial rangesof
E
÷

zoneø* (k
�

* ) ù solid linesú andE
÷

eddyõ* (k
�

* ) û broken
þ

linesü collapseto thesametwo
curves,thoughthe endpointsof the inertial ranges,e.g.,k

�
f* andk

�
min* , where

the
ö

spectrasharplyfall off, differ. Seetext for details.
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E
¥ ˙

up�Ký�þ 2/
ÿ����

E
¥ �

42
Ô��

� 2�
k
	

min

k
	

b



cº���
 2
¦
k
Ú�� 5
ã
dk
Ó�� 2�

k
	

b


k
	

f
cº kg� Ėup��� 2/3

¦
k
Ú�� 5/3
ã

dk
Ó �

43�
� 1

2 � cº���� 2k
Ú

min® � 4
�
,³  44!

or° usingEq. " 28
ÿ$#

k
Ú

min®�%'& cº�( /2  cº p§*) 1/4+-, 1/4. 1/2k
Ú

f
1/2A
/10 3/8

¨ 2
45
Ô�3

where� we haveassumedthat k
Ú

f
´54 k
Ú

b
Æ and� k

Ú
b
Æ76 k
Ú

min® . In many
of° our calculationsthe former is true but not the latter, in
which� case

k
Ú

min 8:9 kÚ b
Æ ; 4 <>= 2 ? cº p@ A3/2

¨
k
Ú

f
´ A 2 B 6

C
cº kgc
º

p§2/3Ak f
´4/3k
Ú

b
Æ D 2/3E / GF cº�H�I 2

¦7JGKML
1/4.

According
N

to our theory, zoneswill form when k
Ú

min
†O

k
Ú

b
Æ , o³ r

3
¼QP 5
ã
cº kgR 6
S
cº�T cº p§VU 2

¦XW
5
ã
A
/ 3/2
¨

k
Ú

fY 2 Z 1. [ 47
Ô�\

In
î

termsof nondimensionalquantities,zonesform when] * ^ 3
¼

cº kg
6/5
S

cº�_` 1/5acb
critd* e 26

ÿ
, f 48

Ô�g
which� is goodagreementwith the numericalsimulations.

Figure 8 is a compositefigure displaying Eeddy * (
�
k
Ú
* ),
�

Ezoneh* (
�
k
Ú
* )
�
, and E* (

�
k
Ú
* )
�

for all of the runs which produced
zones.Note how well the inertial rangesof Ezoneh* (

�
k
Ú
* )
�

and
Eeddy * (

�
k
Ú
* )
�

correlatewith k
Ú
* i 5
ã

and� k
Ú
* j 5/3
ã

scaling,� respec-
tively.
¢

In contrast,for runswhich producededdyfields, the
spectra� E

¥
zone* (
�
k
Ú
* )
�

did not exhibit k
Ú
* k 5
ã

scaling.� In fact, for
eddy¶ fields, both Ezone* (

�
k
Ú
* )
�

andEeddy * (
�
k
Ú
* )
�

scaledask
Ú
* l 5/3
ã

,³
i.e.,
�

the presenceof m was� neverfelt. It is also importantto
noten how well the inertial rangesof E

¥
zone* (
�
k
Ú
* )
�

collapseto
single� curvefor all the runs.Thesameis true for E

¥
eddy * (
�
k
Ú
* ).
�

This
o

is extraordinarywhenoneconsidersthat somerunsare
veryp turbulentin appearancewhile otherslook fairly laminar.
Note
­

the endpointsof the inertial rangesare different for
each¶ run. Beyondthe endpointsthe spectrafall off rapidly.
The
o

right endpointat largek
Ú
* is
�

k
Ú
* q k

Ú
f* which� is different

for
Ú

eachrun. For E
¥

zone* (
�
k
Ú
* )
�

the left endpointis k
Ú
* r (

�
k
Ú

min
† )
�
*

which� is also different for eachrun. For E
¥

eddy * (
�
k
Ú
* )
�

the left
endpoint¶ is k

Ú
* s k

Ú
b
Æ* . Figure 8 can be usedto evaluatethe

universalt constantk
Ú

b
Æ* u 0.30.

v
In
î

summary,our analysesand numerical simulations
show� that if eitherof the two inequalities w 29x and� y 30

¼�z
are�

not satisfied,thenlarge,coherentstructuresdo not form. { If|
is
�

large, Rossby waves with length scales equal to
the
¢

forcing length dominatethe flow.} If
î

both inequalities
are� satisfiedbut inequality ~ 47� is not satisfied,then nearly
isotropic eddiesform. If all three inequalitiesare satisfied,
then
¢

largecoherentzonalflows form. In anycase,the length
scale� of the large structuresis set by the energy balance
in Eq. � 31

¼$�
.

V.
�

DISCUSSION

It is difficult to studynearly-inviscid,turbulent,2-D fluid
flows in the laboratoryandit is hardto numericallysimulate
them
¢

for long timesdueto numericalinstabilitiesanddissi-

pation.ô Becausethereis an analogybetween2-D fluid flow
and� the E � B drift

�
velocity in a plasma,thereis an opportu-

nityn of usingplasmatrapsasan ‘‘analog computer’’ for ex-
amining� theseflows. We haveshownhere that 2-D vortex
dynamics
�

are different when zonal flows, large-scale�
Rayleigh-like
g �

dissipation,
�

or a � -effectareincluded.These
are� someof the leading physical processesin jet streams,
ozone° holes,andtheGreatRedSpot.All of theseeffectsare
plausibleô additions to existing plasma experiments that
mimic× 2-D fluid flow. Becausetheseadditionaleffectsare
important
�

to geophysicalflows, which representthemajority
of° 2-D flows of interest to hydrodynamicists,it would be
usefult to includetheseeffectsin futuregenerationsof plasma
experiments.¶ When zonal flows are included, adverseand
progradeô vortices behavedifferently. It is energeticallyfa-
vorablep for adversevortices � those

¢
with oppositesign of the

ambient� zonalshear� to
¢

fragment.If the adversevorticesare
embedded¶ in zonalflows that alternatein direction � such� as
the
¢

winds of JupiterandSaturn� ,³ the fragmentsareexpelled
into neighboringregionswherethe zonal shearis prograde�
same� sign� with� respectto the vorticity. When the zonal

shear� and the potential vorticity of the vortices are of the
same� order,thereareno known equilibrium solutionsof ad-
versep vortices.Rulesgoverningvortexmergerandtherelax-
ation� to equilibrium changewhen zonal flows are present.
They
o

do not appearto begovernedby theprincipleof maxi-
mizing the flow’s entropyor minimizing its enstrophy.In-
stead,� mergerandrelaxationto new equilibria occur if they
allow� theenergyof thecoherentvorticesto decrease� giving�
their
¢

excessenergyto the turbulentcomponentof the veloc-
ity � .

When
�

zonalflows arenot imposed,but the flow is ran-
domly
�

forcedat smallscales,dissipatedat largescales,anda�
-effect is included,aninversecascadeof energyfrom small

to
¢

large scalesis set up. When the appropriateconditions
outlined° in Sec.IV. aresatisfied,large-scalestructuresform
and� co-exist with turbulence.The size of the structuresis
determined
�

by a balanceof energy input and dissipation
rates.This is unusualbecausein mostcaseswherecoherent
structures� co-existwith turbulence� e.g.,¶ theGreatRedSpot,
solar� granulation,turbulent Couette-Taylorvortices, ocean
eddies¶ � the

¢
sizesare determinedby the length-scaleof the

forcing, the boundaries,or the Rhineslength.40
�

By varying
the
¢

dissipationtime or forcing rate in the numericalsimula-
tions
¢ �

and� hopefully in the experiments� the
¢

size of the co-
herentstructurescanbe continuouslyvariedfrom the length
of° the small-scaleforcing to the size of the entire domain.
The
o

magnitudeof � only° hasa secondaryrole in settingthe
lengths
�

of the coherentstructures� by
ó

changingthe shapeof
the
¢

energyspectrum� . The value of � primarilyô determines
whether� the forcing createsan isotropic eddy field, jet
streams,� or Rossbywaves.Our analytic theoriesfor the cri-
teria
¢

for what typesof structuresform, for their lengthscales
and� velocity scales,and for the rules of mergerand relax-
ation� wereshownto be verified by numericalresults.How-
ever¶ thenumericalresults,which areonly formally valid for
short� time integrations,havenot beenrigorously testedby
laboratoryexperiments.Plasmatrapsmay well be the best
way� to test them,aswell as their applicationto the vortices
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and� jet streamsof the earthand Jupiter,environmentsthat
are� difficult to reproducein the laboratorybut which arethe
authors’� motivation for our study of vortex dynamics.It is
our° hopethat this Reviewprovidesencouragementandguid-
ance� to build geophysicallyrelevantplasmaexperiments.
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