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Two-dimensional/ortexdynamicshavebeenstudiedin plasmasy exploitingthe analogybetween
fluid velocity andthe EXB drift velocity. The analogyextendsto geophysicaflows by including
physicsthat mimic zonal flows, dissipationand the g-effect due to the variation in the Coriolis
parameterVorticeswith the samesignasthe ambientzonalshearare stable while opposite-signed
vorticesfragment Rulesfor vortexmergerderivedby maximizingentropyor minimizing enstrophy
do not work for vorticesembeddedn zonalflows. New rulesbasedon the minimizationof energy
hold. Whenzonalflows arenot imposed,andthe flow is forced at small scales)arge,cohereniet
streamsor eddiesform that co-existwith turbulence.Their sizesare determinedby an energy
balance,not the length scalesof the forcing or boundaries.The motivation for this work is to
understancaitmospheri@and oceanvortices: Gulf streammeanderandeddiesthe Antarctic ozone
hole,thejet streamof EarthandJupiter,andthe JovianGreatRedSpotandWhite Ovals. © 2000
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I. INTRODUCTION AND MOTIVATION

Thereis an analogybetweentwo-dimensional2-D), in-
viscid, incompressibldluid dynamicsandpure-electrorplas-
mas:the fluid velocity actslike the (EXB) drift velocity, the
vorticity like the electrondensity, the streamfunction like
the potential, the fluid Poissonequationlike the electrical
Poissorequationandthe conservatiorof circulationlike the
conservatiorof charge.Exploiting this analogy,2-D vortex
dynamics have been studied in plasmas confined in
Malmberg-Penning traps including vortex mergert Dio-
cotroninstabilities(known asKelvin—Helmholtzinstabilities
in thehydrodynamicsiterature®~™* andthe equilibrationand
stability of arraysof vortices*?~* Fluid flows arerarely 2-D
unlessstrongrotation or stratificationis present.Thesecon-
ditions prevail in atmospheresind oceansso it is not sur-
prising that 2-D flow is mostly of concernto geophysical
fluid dynamicists.Jovian vortices, such as the Great Red
Spot, the White Ovals, and the numerousKarman vortex
streets,a primary interestof the authors,usually interact
strongly with the planetaryzonal (eastwes) jet streamsor
are strongly influencedby the p-effect due to the north-
southgradientof the Coriolis force (seeRef. 15 andseeSec.
1) or by dissipation.The analogof zonal flows can be cre-
atedin plasmaexperimentsby imposing a radial potential
with a chargedaxial wire. The B-effectcanalsobecreatedn
a plasmatrap® and the analogof a Rayleighfluid dissipa-
tion (seeSec.IV for definition) canpossiblybeinducedin a
plasmaby introducinga gasinto the trapwith a high electron
affinity suchassulfur hexaflouride.

With thesemaodifications,2-D geophysicafluid dynam-
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ics canbe studiedin a plasma.ln contrast2-D fluid dynam-
ics, with or without theseadditional effects, are difficult to
studyin laboratoryexperimentswith realfluids. To keepthe
flow 2-D, rapid rotationis necessarybut rotationcreatesan
Ekman dissipationdue to the drag of the top and bottom
boundarylayers®® To be within the parameteregimewhere
therotationis strongenoughto keepthe flow 2-D but weak
enoughso that the Ekmandissipationtime is much greater
thanavortexturn-aroundime requiresthatthe diameterof a
rotating tank be greater(and usually much greatey than a
meter, which is both complicatedand expensive.’ More-
over,in therotatingtankexperimentsit is difficult to impose
arbitraryinitial conditions,sothey almostalwaysbeginwith
solid-body rotation. In addition, it is difficult to force the
flow in a precisemanner.Generally,it is forced by jets in
eitherthe side or bottom boundariesor by oscillating grids.
In contrast,a plasmain a Malmberg-Penningrap can be
forcedby creatingor destroyingvorticity very preciselyboth
asa function of spaceandtime, and almostarbitrary initial
conditions can be created.(This includesthe creationand
forcing of vorticeswith both signsby using a photocathode
source;seeRef. 18 and Sec.ll.)

Two-dimensionalfluid flow can be numerically simu-
lated using contourdynamicsor spectralmethodsbut simu-
lation works bestfor initial-value codeswith shortintegra-
tion times and for steady-statdinderswherethe effects of
numericaldissipationare unimportant.(Theseare the types
of numericalresultsreviewedhere) Typically, flows com-
puted with contour dynamics becomeunstableafter short
timesunless“contour surgery” is usedto removethe small
filamentsthat form.X® After long integrationtimes, the accu-
racy of flows computedwith contour surgery (or with nu-
merical dissipationin spectralor finite-differencemethod$
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decreasesnd changesby orderunity the valuesof someof
theflow’s “conservedquantities” therebymakingtheresults
dubious.For thesereasonglasmaexpermentsnay offer the
bestmethodof studyingthelong-timeevolutionof 2-D flows
relevantto geophysics.

The purposeof this review paperis to provide an over-
view of the new physicsthat could be exploredif zonal
flows, Rayleighdissipation,and/ora p-effect wereincluded
in the plasmaexperimentsin Sec.ll we presentthe equa-
tions of motion andconservedjuantities.In Sec.lll we pro-
vide a tutorial on how vortex dynamicsis alteredby a zonal
flow. More detailedreviewscanbefoundin Refs.20 and21.
These results require neither a p-effect nor a Rayleigh
dissipation—onlya zonalflow imposedby a radial potential
createdby a chargedaxial wire. We showhow the zonalflow
breaksthe degeneracyetweenpositive and negativevorti-
cesandhow vortex mergeris changedsubstantiallyln Sec.
IV we showhow a turbulent,but coherentJong-lived, zonal
flow forms spontaneouslfrom an initial condition at rest
when a p-effect, a randomsmall-scaleforcing and a Ray-
leigh dissipationare included (with, of course,no imposed
zonalflow). Using a theorybasedon the inversecascadeof
energyfrom smallto large scalesthe strengthandwidths of
the resultingzonal jet streamsare correctly predicted? It is
shownthatthewidthsareindependenof thelength-scalesf
theforcing andboundarieslt is determinedy balancingthe
energyinput and dissipationrates.Thus, jets with arbitrary
widthscanbe createdby adjustingthe magnitudeof theforc-
ing or dissipation.Our Discussionis in Sec.V.

Il. EQUATIONS

The governingequationsfor 2-D fluid flow can be ex-
pressedn termsof the potentialvorticity g
Dq d
—_—=|—+4Vv-
Dt (&t v-v
whereD/Dt is the advectivederivative,v(r, ¢,t) is the 2-D

velocity, F is the forcing, and D is the dissipation.The po-
tential vorticity is definedas

q(r,o,1)=w(r,¢,t)+ pr )

wherew(r, ¢,t)=z-V Xv is the vorticity, z is a unit vector,

and g is the gradientin latitude of the Coriolis force (in the

laboratory,the topographicg-effect is due to the radially-

slopedbottom boundary—seeRef. 15). In a plane-parallel
geometryg= w+ By wherey is the local north-southcoor-

dinate.In the absenceof B, Eq. (1) reducesto the Navier

Stokesequationwhen D= »V2v where v is the kinematic
viscosity.

To moreeasilyunderstandhe effect of a zonalflow, we
decompos¢he velocity into a time-independentaxisymmet-
ric zonal componentv(r)=uv 4(r) ¢ (where ¢ is the unit
vectorin the azimuthaldirection andthe remaindev

V(F, &, 1) =V(F) +¥V(F,$,1) 3

with similar decompositiondor the vorticity and potential
vorticity

o(r,¢,t)=w(r)+o(r,¢,t), 4

g=F+D (1)
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where o(r)=r 'd(rv,)/dr=2z-V xVv. The zonal compo-
nentof the potentialvorticity is defined
g=o(r)+pr. (6)

We require g to be constant,which makesuv ,(r)=¢/r
+gr/2— Br?/3 wherec is a constantNote that§(r, ¢,t) is
homogeneou@ V and

4(r b, =a(r,4,H)=2- VXV, )
In the absenceof forcing anddissipation

Dg (¢

EZ(E—FV-V)'@ (8)

The advectivevelocity v in Eg. (8) containsboth the zonal
and non-zonal components,whereasonly the non-zonal
componenf g appearsThusg advectswith the fluid ve-
locity.

Unlike 3-D flows, incompressible2-D flows are invari-
ant underrotation, so without loss of generalitywe can set
g=0. Note that dueto this invarianceany constantmay be
addedto » without changingthe dynamics.Thusif only one
sign of vorticity (or chargein the plasmatrap) can be cre-
ated,a compactvortex of the oppositesign may be effec-
tively createdby creatinga space-fillingvortex with a com-
pact “hole.” We define the zonal shear as o(r)
=rd(vy/r)ldr=— 2¢/r?>— Br/3. If =0 a centralcharged
wire in a trap producesa zonalflow with v 1/r anda non-
zerozonalshear Equation(8) alongwith the computationof
Vv from g by using Eq. (7) and the Biot-Savartlaw form a
competeset of equationsfor determiningthe flow. At the
radial boundarie&¥=0 for viscousflow andz,=0 for invis-
cid flow. If the origin is includedin the domain(i.e., thereis
no centralwire) analyticity of V. mustbe imposedthere.

Equation (8) with inviscid boundary conditions con-
servescirculationT'= [gdA; all momentsof the enstrophy
Jq"dA for integersn>1; energy(seeSec.lll C); andangu-
lar momentumor, equivalently,

L= J h(r,o,1)F2dA. 9)

Whenv=0 andwhenthe domainis unboundedangularmo-
mentumaroundany point, not just the coordinateorigin, is
conservedi.e.,

L(r’)zj"q(r,t)|r—r’|2dA (10)

is conservedor all r’.

Ill. EFFECTS OF THE ZONAL FLOW
A. Breaking sign degeneracy

Vortices with different signsof § behaveas mirror im-
ageswhenv=0 but quite differently whenv+#0. When a
compactregionof potentialvorticity hasthe sign of its g the
samesign as the shearo of its ambientzonal flow, it is
definedas prograde; if the signsare oppositeit is adverse.
The breakingof the degeneracypetweenprogradeand ad-
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FIG. 1. Sketchof streamlinesor an adversevortex (shadegl Two stagna-

tion points outsidethe vortex are joined by the last closedstreamline(bro-
ken curve) that circumscribeghe vortex and actsas a separatrix.

versevorticesis important;for example oneneedso under-

standwhy all of the long-lived jovian vorticesare prograde.

Whenv=0, steadyvorticesareroundshapedput whenem-
beddedin a zonal flow, progradevortices becomenearly
elliptically shapedwith their major axis alignedin the direc-
tion of the zonal flow. In fact, for compactvortices with
spatiallyuniform (whichis a goodapproximatiorfor many
geophysicaborticeg>?3, embeddedn Cartesiarzonalflows
(i.e., with v a function of y andin the x direction with a
constantr, the steady-statequilibriaareexactlyelliptical in
shapewith aspectratio A (maximumextentin x divided by
extentin y) a function of o/g%*

A= ( 1+ %)M(F/’q]) (11)
where
1+x*+V1+6x+x°
M= —X XX (12

2+2x
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BecauseM(x)=1 for x>0, the N of progradevorticesis
nearly proportionalto (1+ o/g). Thereare no steadysolu-
tionsfor adversevorticeswith /g <(2v2—3)=—0.17.The
equilibrium shape of vortices in cylindrical zonal flows
and/or with non-uniformg can be computedwith contour
dynamicé€>?® and show similar behavior with their A a
monotonicfunction of o/g§ and no steadyequilibria for ad-
versevorticeswith —a/§=0(1).

Numerical simulationsshow adversevorticesto be un-
stableto small, finite-amplitude perturbations.This can be
understoodirom the schematicof Fig. 1. Adversevortices
have two stagnationpoints close-byconnectedby the last
closedstreamlinethat circumscribesthe vortex which acts
like a separatrix Streamlinedetweenthe separatrixandthe
edgeof the vortex also circumscribethe vortex. Thoseout-
sidedo not, andfluid on themis carriedfar from the vortex.
Small perturbationkeepthe vortex’sg within the separatrix
andcloseto the vortexindefinitely. Largeperturbationgpush
the vortex’s perturbedg outsidethe separatrixwhereit gets
carriedaway andis unlikely to rejoin it. Numericalsimula-
tions verify that adversevortices are finite-amplitude un-
stableto Lagrangiamperturbationsvith displacementbigger
thanthe distancebetweerthe vortex edgeandthe separatrix.
In contrast,all streamlinescircumscribea progradevortex
andthereis no separatrixNumerical simulationsshow that
evenwhenprogradevorticesareperturbedso thatthey break
into two or morepiecesthe piecesoftenmergeto reformthe
vortex. Figure2 showsaninitial conditionof a progradeand
adversevortex. The progradevortex relaxesto its equilib-
rium shapewhile the adversevortex is stretchedby o and
destroyed.[The filaments are broken apart by a Kelvin-
Helmholtzinstability in Figs. 2(d)—2(f).] Laboratoryexperi-
mentsshowthat progradevorticesare stableevenwhenthe
ambientzonalflow is turbulent!’ In our initial-value calcu-
lations progradevorticesarisefrom a variety of initial con-
ditionsincluding unstablevortexrings, randomvortexfields,
and solid-body rotation with random small-scaleforcing;

FIG. 2. Simulationof a flow in anannuluswith prograde adverseq light dark at8 times.Only the progradeq survives.The adversevorticity is stretched
by the zonalv into small enoughfilamentsthatit is destroyedby numericaldissipation.Kelvin—Helmholtz instabilitiesare seenin the light spiralsin Figs.

d—f.
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while we never see adversevortices form unlessthey are
includedaspart of aninitial conditionandhave /g 1.

Zonalflows altervortexdynamicsby preventingvortices
from having internal degreesof freedom.With no zonal
flow, a steady-stateound vortex can be perturbedinto a
time-dependentstate that oscillates or has waves on its
boundariesThe different temporalbehaviorsallow vortices
to havedifferent energiesalthoughthey havethe samecir-
culations enstrophiesndmomentaasthe steadystatesVor-
tices embeddedn zonal flows with /g O(1) also have
time-dependentequilibria, but our numerical simulations
show that they are finite-amplitude unstable;they quickly
relax back to their approximate steadystates with very
weaktime dependenceby sheddingvorticity andremerging
with it. During the relaxation,energyis exchangedvith the
ambientflow seeSec.lll C. Thuswhenv 0 a vortex’s
late-time shapeand energyare determineduniquely by its
circulation, momentumand ambientvalue of ~ /§; whereas
whenv 0 a late-time vortex can be time-dependenand
havea rangeof energiesThis distinctionwill be important
in determiningthe rules of vortex mergerin Sec.lll C.

B. Expulsion of adverse vorticity

Anotherreasonadversevorticeswith  ~ /g 0O(1) are
not observeds thatthey are stretchednto filamentsby v. If
the zonalflow alternatesn directionsothat™ changessign
as a function of r asit doesfor Jupiterand Saturn then
adverseq is expelledfrom its ambientzoneinto its neigh-
boring progradezone whereit rolls up and forms a stable
vortex. Figure3 showsa numericalsimulationthatillustrates
this in an annular, rather than cylindrical, geometry.Here
() ( (r¥8)(2 (ro/r)®) 0.48), S0 ()

(r13) ((ro/r)® 1) wherer is midway betweenthe inner
and outer radial boundariesNote " (r) 0 for r ry, and
“(r) Oforr rgy. Initially boththe inner and outerzones
eachcontainoneprogradeandoneadversevortex, with light
regionscorrespondingo g 0 anddarktog 0. In each
casethe adversevorticity is expelledin a spiral. Part is
stretchedto the small scaleswhereit is destroyed by nu-
merical dissipation and part of the adverseg crosses rg
whereit becomegrogradeandrolls up seemiddlesequence
of Fig. 3, eventuallysettling into a stableequilibrium. In
contrastthe two initial progradevorticesbarelychange.

To understandthis, considerthe schematicin Fig. 4
which shows part of the first frame of Fig. 3. The dark,
adversepotentialvortexwith g 0 is drawnshadedandit
liesin ashearwith =~ 0. Thev(r) is representedby heavy
arrows.The figure is drawnin the rotating frame wherethe
centerof potentialvorticity of the shadedsortexis at rest,so
v(r) is approximatelyzero at its center. An infinitesimal
pieceof § labeledA moveswith v(r,t) ¥(r,t) ¥(r). The
Biot-Savartlaw givesVv shownwith thin solid arrows; it is
clockwise aroundthe vortex, andat A ~ 4R,/2 where
R, is the vortex semi-radiusin r. Taylor expansionof v
aroundthe vortex centergivesv; a A, R, . Thusif

1§ O(1), fluid elementA is draggedto the right andB
to the left shownwith brokenarrows. The clockwise mo-
tion of v then pushesA downwardand outwardto the ad-
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FIG. 3. Six differenttimesin the evolution of four potentialvorticesin an
annulus.The shear™ (r) of the zonal flow changessign at a radiusr
halfway betweertheinnerandouterradialboundariesThe ™ (r) is negative
in the outer region. The light dark vorticeshaveq@ 0 (G 0), so light
vorticesare progradein the inner half and adversen the outer half of the
annulus.The piecesof vorticity that are initially adversebut crossover r

ro to becomeprogradedeveloptadpole-likeheadsroll up, and survive;
while those left behind continueto stretch and eventually decay due to
numericaldissipation.

joining zoneand B upwardtowardsthe annulus’boundary.
If thesign of the shadedvortexwerereversedsothatit were
progradethenbothv andV initially moveA to theright and
B to the left. Thenthe counter-clockwis& would pull both
A andB awayfrom the boundariegsowardsthe centerof the
progradezone.Thusfor /g O(1), progradeg is drawnin

towardsthe centerof a progradezone while adverseq is

expelled.

FIG. 4. Schematiof Fig. 3 showingadverséj beingexpelled.The adverse
T O is shaded;the zonal velocity v is indicatedwith heavy arrows, the
self-inducedv computedwith the Biot-Savartlaw with thin arrows,andthe
total velocity v which advectsthe @ at A andB with brokenarrows.
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C. Vortex merger

Only vorticeswith like signsmerge,but mergeris quite
differentandmuchmorecommonwhenv 0. It is important
to understandvhy this happensFor examplein the jovian
atmospherewhich is dominatedby zonal winds, the long-
lived vortices survive by constantlymerging with smaller
vortices that are continually created by the local
“weather.” ?° If merger were difficult, Jupiter's “long-
lived” vorticeswould disappear.

Whenv 0 vorticesmustbe within approximatelya di-
ameterof eachother to merge. When they do, they shed
largefilamentsof § outwardfar from their centerof vortic-
ity, so the resultingmergedvortex hasmuch lessareaand
circulation than that of the two initial vortices. Two point
vortices deltafunctionsof g cannevermerge.They rotate
aroundtheir commoncenterof vorticity and interactwith
the boundariesf thereare any. As shownbelow it takes
energyto pushtwo like-signedvorticestogether,so in the
absenceof v, it is necessaryto throw large amountsof g
outward in order to push togetherpiecesof two different
vortices in order to conserveenergy. In the absenceof
boundaries,angularmomentum,which is conservedabout
every point including the centerof vorticity seeEq. 10 ,
also preventsvortices from merging unless a significant
amountof g is thrown outward.

Vortex mergeris morecommonin the presencef zonal
flows for severalreasonsAngular momentumis conserved
only with respectto the origin, and v pushesvortices to-
gether.So exceptat the origin, angularmomentumconser-
vation is not a barrierto merger.Energyis still conserved,
but now includesan interactionterm E;,; betweenv andv
which cansupplythe energyneededo pushtwo like-signed
vorticestogether.To seethis write the energyE asa sumof
two pieces:E.; the self-energyand E;y; .

1
Ecerr rffﬁr,t”qr,t Inr r dAdA 13

Eint f“q rt rdA 14

wherethe integralsare over areas of the domainand (r)
is the streamfunction electricalpotentialin the plasma of
the zonal componentof the flow: = (r) d /dr. Not sur-
prisingly Eqo; is of the sameform it would be for 2-D
patchesf electriccharge Two chargesor patchesof vortic-
ity with the samesign increasetheir energy and therefore
require it from some external source if they are brought
together.We can approximatethe changesn E.s and E;,;
due to the mergerof two identical vortices with potential
vorticities, circulations ~ GdA andaverageadii R. Let
the vortices be embeddedn v c¢/r, and assumethat the
length over which ~ variesis large comparedo R andthat
R/D 1 whereD is theinitial separatiorbetweenthe vorti-
ces.Let r, be the meanradial location of the vortices: rj

r?gdA/~, which is a constantof the motion. Assuming
thatthe two vorticesmerge we canpredicteverythingabout
themergedvortex: 1 its valueof § is the sameasthatof the
initial vortices; 2 it is locatedat radiusry; 3 it is approxi-

Marcus, Kundu, and Lee

mately steadyin time seeSec.lll A and embeddedn a
shear (rp) with anearlyelliptical shapegivenby Eq. 11;

and 4 its areais 2A andcirculationis 2~ becausehey are
conservedjuantitiesof the total flow, andnumericalsimula-
tions showthat eventhoughcirculationcanbe strippedfrom
the vortices during violent mergers,most of it eventually
re-attachesunlike mergerswith v 0 . To leadingorder,the
increasen Eg; after mergeris

~2

—InD/R O. 15

Eself 2

By Taylor expanding (r) aboutry andwriting r rqy Y,
we find to leadingorderin y/r

—re [ i
Ein t — gr, ,tydA 16

where we have ignored an additive constant.The quantity

q(r, ,t)y%dA is a measureof the radial width of the
vortexor vortices.If thetwo initial vorticesarelocatedatthe
sameradius,thenthe mergedvortex hasthe sameshapeput
twice their area,so its radial width is larger. Thusfrom Eq.
16, E;4(t) is negative positive afterthe mergerof pro-
grade adverse vortices. The total changein energy E is
positive for the mergerof adversevorticesbut could be of
either sign for progradevortices.If the two initial vortices
have a radial separation b, then the change in

G(r, ,t)y?dA dueto mergeris a monotonicallydecreas-
ing function of b. For progradevorticesthereis a critical
value bg; 2R suchthat E 02’ A standardargument
usedin fluid dynamicsis thata flow will undergoa kinemati-
cally allowabletransitionif the energyof the final stateis
lessthanthe initial.?® As appliedto the mergerof vorticesit
meansthatif E 0, a mergerwill occur and the energy

E is transferredrom the large-scalecoherentvorticesto
the turbulent, small-scalecomponentof the flow. Merger
would only be possiblefor E 0 if energycould be con-
trived to go from the turbulenceinto the coherentvortices,
and this is not observed Numericalexperimentshave con-
firmed to within 5% that progradevortices with b b
merge,andthosewith greatervaluesdo not?’ Two adverse
vorticeswith large b could lower their energyby merging,
but clearly it is necessaryor the vorticesto approacheach
other before they could merge.Becausethe vortices move
with v, it is not obvioushow they could do soandovercome
their large initial separationin radius. We know of no nu-
merical or observationabxamplesof adversevortex merger
with ~/§ 0.1. In fact, it is energeticallyfavorablefor a
singleadversevortexto fissionwhich explains,in part, their
finite-amplitudeinstability.

Varioushypothesedasedn entropymaximization?®-=
enstrophy minimization3**® and statistical mechanic¥-=
havebeendevelopedo predictvortex merger andthe equi-
libria of arraysof vortices. However,thesepredictionsdo
not appearto work for v 0. This maybe dueto the fact that
the theoriesdependon the flows’ ergodicity. Numericalex-
perimentswith for v 0 showthe flows are not ergodicand
havestrong“memories” of their initial conditions?’
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IV. SPONTANEOUS GENERATION OF ZONAL FLOWS
A. Physical and mathematical description

Zonalwinds andjet streamsoccurnot only on Earthbut
alsoon all of our solarsystem’slarge gaseougplanets Jupi-
ter, Saturn,Uranusand Neptune. It is still anopenquestion
as to what createdand maintainsthem for long periods of
time. Jupiter’s zonal jet streams or more accurately,the
cloud patternsthat we associatewith them have beenob-
servedfor morethan350 years.

Whena zonalflow is notimposedon the fluid andwhen
the fluid startsat rest, a small-scaleforcing canleadto the
creationof large coherentstructuressuchaszonalwindsvia
an inverse energy cascade-dander the right conditions. In
this sectionwe considerthe effectsof a  term and large-
scaledissipationon the cascadeand the resulting coherent
structuresTo simplify the presentatiorwe useCartesiarco-
ordinateswith y actinglike theradial directionandx like the
azimuthal We do not usethe decompositiorof variablesinto
their zonaland nonzonalcomponents.

We beginwith Eq. 1 but now explicitly considerthe
rolesof theforcing F(x,y) anddissipationD. Theforcingin
arotatingatmospherés F 2 A%, ¥)! z, where isthe
angularvelocity of the rotatingfluid layerandz is the verti-
cal coordinate'® An atmospheresuchasthe weatherayer of
Jupiter which containsthe visible clouds, would be ex-
pectedto havelarge negative valuesof  ,(x,y)/ z atthe
locationswherevertical plumesof fluid rise from the under-
lying convectivelayer and abruptly stop at the tropopause

which we take to be the upper'lid’ of our Jovian atmo-
sphericmodel,wherethe atmospherdecomesstrongly ver-
tically stratifiedandseverelyinhibiting to vertical motion .%°
Both theoryandthe limited observation®f plumesindicate
thattheyoccuron smallscales lessthan500 km—compared
with zonalwidths of order10000 km over a narrow range
of length scale.Thuswe model F with forcing at a pair of
high-wavenumber k; Fourier modes: F (A/2)

elki/ xgilki/ Dy @it/ xg i/ )Y ¢ ¢ The dissi-
pationD [ P 12 in Eq. 1 hastwo terms.One
is hyperviscositywhose purposeis to preventa numerical
instability and whosenumericalcoefficient ™Pe" 12 js self-
normalizing with no pre-assigned/alues and designedto
preventenstrophyfrom piling up at the smallestnumerically
resolvablescale.All 2-D calculations,even ‘run-down’ ex-
periments, definedasthosewith F 0, and nonzero
initial conditions include this term or an equivalent‘turbu-
lent viscosity’ to preventinstability seeRef.21 . The other
term in D is a Rayleigh friction or Ekman dissipation. It
modelsany phenomenahat dissipategpotential circulation,
or momentumin the layeron time scale which dissipation
termsthat can be written as a horizontaldivergencecannot
do such as oblique Rossbywaves, secondarycirculations
with a vertical component,or turbulent upper or lower
boundarie$? Unlike molecularviscosity or hyperviscosity,
this term mostly dissipatesnergyat large scalesif the en-
ergy spectrumdecreasesvith wavenumber.

Thusin this sectionwe areinterestedn solutionsto
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- v — A2 ekl Ixgitkil Dy

t y

ei(kf/ )xe i(ke/ )y c.c. hyper 12 17

over a computationaldomainof L L. Ideally, we would

like to solvethis flow overaninfinite domain,but aslong as
L is muchlargerthanthelargest-scaléeaturesof the system,
box-sizeeffectsare unimportant.When the largestfeatures
approachthe size of the computationaldomain, finite-area
effectsbecomeimportant seeRef. 21 .

For all flows, the initial velocity is machinezero.There
is a 5-dimensional 3-nondimensional parameterspaceto
explore: , L, ,k;, andA, thoughwe postponechoosing
non-dimensionalnits until Sec.IV E.

B. Energy spectra

The argumentdor the Kolmogorovenergyspectrumare
the samefor 2- and 3-D flows and independenbf whether
the energyforward cascadedrom large to small scalesor
inversecascades’ The argumentdependsonly on the as-
sumptionthatthe energytransferin Fourierspacek is local
and conservative

EKk Cyg Eyp Pk B 18
wherethekinetic energyperunitmasssE  jE(k)dk, and
Eup is the rate of transferup or down the spectrum.The
dimensionlesKolmogorov constantcg in 3-D flow is ap-
proximately 1.53° It is convenientto use the notion of an
‘eddy’ asthe coherentcomponenbf the velocity madeup of
a bandof Fourier modeswith wavenumberdetween k /2
and k with energy

k
eday K fklZE k dk. 19

C. Overview of numerical results

Unlike ‘run-down’ experimentsn which all initial con-
ditions and all parametewalues with 0 that we tried
producedzonalflows, very few choicesof parameter$or Eq.

17 did. Foraninversecascadéo occur,certaininequalities
of thefive parametersnustbe met. Discussionof thesecon-
ditions will follow. Only whentheseconditionsare met do
our calculationsproducecoherentstructures.Most regions
within our 5-dimensionaparametespacedo not satisfythe
necessargonditionsfor a nonlinearcascadeso mostof our
calculationsneverproducedarge-scaldeaturesandresulted
insteadin energyspectraconfinedto a deltafunction at k; .

When an inverse cascadeof energy occurred,it pro-
duceda final, statistically steadystate that had east-west
zonal jets or eddies.For runs which formed east-west jets,
therewas a wide rangein their numberand size. For runs
which formededdiestherewasalsoawide range thoughfor
each numerical calculationin which there was an inverse
cascaddeherewas alwaysonewell-definedsize.

Someexamplesof runswhich establishan inversecas-
cadeandproducecoherenfeaturesaregivenin Figs.5-7. In
parts a of Figs.5 and6, we haveplottedthe east-west(x)
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FIG.5. a Theeastwestvelocity asa function of latitudey at 10 different
valuesof longitude;i.e., ,(x;,y) a x; (i/10)L fori 1,2,..,10; and b
stream function  (x,y) for a numerical simulation with * 73.2, kf

1.17,andL* 273. SeeSeclV. for our definition of dimensionlessinits
indicatedby a*. Thesefiguresarecomputedatalatetime (t ) afterthe
flow hascometo a statisticallysteadystate.

velocity as a function of latitude (y) at 10 different longi-

tudes(x). Note thatin Figs.5a and 6 a the eastwest
extremaof thejets correlateremarkablywell eventhoughthe
flow is highly turbulent,indicating that theseflows havebe-
comezonal.lt is importantto note that evenwith the same
valuesof theseflows canhavea differentnumberof zones
five for Fig. 5 buttenfor Fig. 6 . Thezonaljetscanvaryin

appearancethey are very laminar-lookingin Fig. 6 a but
much more turbulent-lookingin Fig. 5 a. This contrastin

appearancean also be seenin the streamfunctionsplotted
in Figs.5b and6 b . Theflow in Fig.5 b consistsof much
more turbulence,waves, and eddies,and although this is

takenat onemomentin time, it is representativef the fea-
turesof the systemoncethe statistically-steadyequilibrium
hasbeenestablished.

Figure 7 represents run where zonesare neverestab-
lished. Large-scalejsotropic eddiesare embeddedwithin a
turbulentflow, but thereis no evidenceof east-westjets. For
Fig. 7 in particular,the wavenumberssociatedvith large-
scalecoherenffeaturess k 58, but othernumericalexperi-
mentsyielded eddiesof different scalesaswell.
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FIG. 6. SameasFig. 5, butfor * 44.0,kf 195,andL* 454.Herethe
zonalflow is much moreregularandthereare many more zones.

D. Determination of the size of coherent features

It is possibleto produceflows with any numberof zones.
This is not just dueto our re-scalingthe length—all of the
runswerecomputedondomainswith L 1.0. In thissection
we considerbalancebetweenthe energyinput and dissipa-
tion ratesin Eq. 17 andfrom it derivethe conditionsunder
which zonesor otherlarge-scalecoherentfeaturesform and
their characteristiovavenumbers,,;,. We shall show that
dissipation-forcingbalancesetsthe scale not , sincethe
theoryworks evenwith 0.
Multiplying bothsidesof Eq. 17 by thestreamfunction
where v z and integrating over the domain
givesan equationfor E:

E 2E . .
- — E Ea 20

where
Ei t 2 2A 7 Kkl k! T ke o, kel c.c.
21

where a ‘hat’ over a quantity meansthe discrete Fourier

transformof thatquantity?> andwhereE is the energyloss
rate per unit massdueto hyper-viscosityIn generalwe find
that the numericalcalculationshave little loss from hyper-

viscosity typically, E  0.08,, becauseenergy inverse
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FIG. 7. Stream function (x,y) for a numerical simulation with *

1484, ki 1.37, and L* 936. Here the flow shows a well-defined
prominentwavenumbei(k,, 58) but the flow producesan isotropic eddy
field ratherthan eastwestzones.

cascadeso large scalesratherthanforward cascadingo the
small scaleswhere hyper-viscosityis effective. Thus, to a
first approximationthe upward energytransferrate in Eq.
18 is

Ew — Ein. 22

We considerthe energybalanceat k  k; by examining
the k¢ -Fouriercomponenof Eq. 17:
C ket T

ke A2 T

k! 23

wherea vertical bar with subscriptindicatesthe wavevector
of the transformedquantity. WhenEg. 23 is multiplied by

) , It determineghe time evolutionof the energyin the
k;-Fourier mode.We would expect,and our numericalcal-
culationsverify, that thereis a dominantbalancebetween
two termsin Eq. 23 for the parameterange where the
solutionsform large-scaldlows. The forcing dueto the A/2
term in Eq. 23 not only supplies the energy to the
k;-Fouriermodebut alsoto the entireflow. For the flow not
to run down, this must be one of the two dominantterms.
Thelineartermsin Eq. 23 cannotbalancethe forcingterm,
e.g.,if eitherof the two dissipationterms i.e., ~/ or )
did, then the energywould go into the k; mode, dissipate
there, and be incapableof creatinga zonal or other large
spatial-scaldlow. Nor canthe term balanceA/2 because
thentherewould be no dissipation andthe flow would create
Rossbywaves® with wavevectork; thatwould build in am-
plitude until there was a numerical blow-up. The balance
mustbe by the nonlinearterm becausehis is the only term
that cantransferenergyout of the k; modeto other larger
modes.This arguesthat threeinequalitiesand one equation
arenecessargonditionsto createzonalor any othertype of
large scaleflow:
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A e 24

A 1~k 25

AT 26
K

A v 27

Theserelationshavebeenverified numerically.

By writing theright-handsideof Eq. 27 asa convolu-
tion sumin k it canbe showrf? thatit is approximatelyequal
to kf2 eday(Ks) . Using this approximationwith Egs. 19 and

27 allowsusto write Eup in termsof the controlparameters
Eup CpAYK 2 28

where c, is a dimensionlessconstantof order unity. Our
numericalexperimentshowthatc, is universallike c,g, in
the sensethatit is nearlyindependenof the valuesof , L,
, ki, andA.
The constraintinequalities 24 and 25 can now be
written in termsof the control parameter$?

AV, 29
and
A 2 30

Inequality 26 is a constrainton the numericsnotthe phys-
ics, sowe disregardt in our discussionAll of the numerical
resultspresentedn Sec.IV B that form large-scaleflows,
either zonesor eddy fields e.g., the flows in Figs. 5-7 ,
satisfy the constraintinequalities 29 and 30, andall nu-
merical calculationsthat we carriedout for which eitherin-
equalitywasnot satisfiedfailed to producelarge-scaleflows
andthe energyremainedin Fouriermodeswith k k;.

If we ignorethe effectof |, thenaccordingto Eq. 22,
the kinetic energyinversecascades$rom k; to largerlength
scalesuntil it reachesvavenumbek! . where

E jT. E kdk Eu2 31
If the Kolmogorovscaling 18 is valid for k k¢, then
Ep 2 J e Euy P Sk 32
up T kg “~up
—Ckg Eup 23 k;]in 2/3[1 (kif'”) 33
§ E 2/3 kT ) 2/3 34
Ckg up min .

The large coherentstructureshavewavenumbek |,
3 3/2] 3/4
3 9 27cid/ Cp ki A 35

wherewe usedEgs. 22, 28, and 34. This predictsthe
dominantscalefor eddiesin the caseof non-zonalflows.
Equation 35 canonly make senseif k,ﬁqin k: so we might

3/2
) 3/2= 1/2
I(min (_) Ck Eup
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considerthis to be a constraininequalityin additionto those
alreadylisted. However,it is trivially satisfiedif inequality
30 is satisfied.

For smallvaluesof , oncethe value of the dimension-
less, order-unity constantsc, and ¢,y are determined,our
scalinglaws correctly predictall of the grossfeaturesof the
numericalsimulationsin termsof the input parameters ,
ki, andA: E,, from Eq. 28 , E c, Al ¥ /2k? from
Eq. 22 , andk!.. from Eq. 35 . Notethatthe resultsare
independenbf L aswe arguedin Sec.lV A on theassump-
tion that 2 /k!.. L—althoughwhen?2 /k!.. L, the nu-

merical resultsdependon L?! . The expressiongor E, Eup

andk;,, depenconly on  andthe combinationof parameters
(A¥%, 2) but not on A or k; independentlyThis is dueto

thefactthatthe valueof (A¥%; ?) determine<,,,. Whether
the energyspectrumE(k) beginsat k; or someother value

hasvery little effectonE, or k! if ki k. . Thisis math-
ematicallyequivalentto ignoring the (k. /k) % term on the
right-mostside of Eq. 33. It may define the rangeover
which the spectrumextends but the kTmm dependsprimarily
on the valuesof Eup and . Note thoughthat constraintin-

equalitiesdo dependseparatelyon the valuesof k; and A.

Basedon our numericalfindings that c,, is approximately
constantwe nondimensionalizeur results indicatedby an
asterisk by choosingunits of length and time suchthat c,,

A¥%; % E, land 1. Theinputvariablescanthenbe
writtenas *, L*, andk{ , so if aninversecascadegorms,
the grossfeatureswill dependonly on *, but the constraint
inequalitieswill dependalsoon ki andL*.

E. Effect of

The precedinganalysisof the size of coherentstructures
wasindependenbf andappeardo bein conflict with the
generallyacceptecbelief thatit doesdependon .° To re-
solvethis, defineaband analogoudo aneddy asacoherent
featuremadeof Fourier componentswith k, 0 wherek/2

k, k. Modeswith k, 0 have velocitiesonly in the x
direction, so they contributeto the zonal componentof the
flow andnot to eddies.Considerthe componente,,,{ k) of
the total energyspectrumiE(k) due only to Fourier modes
with k, 0, anddefineEgqq(k) E(K) Ezondk). Thenthe
energyof a bandof wavenumbek is

k
zone K J E,one k dk. 36
ki2

We found numericallythat the scaling of the amplitudesof
the Fouriermodeschangesvhen is includedin the calcu-
lation. For large and‘large’ will be definedbelow the scal-
ing Of Eeqqy(K) remainsunchangedndproportionalto k 3.
However,our numericalcalculationsshowthatthe scalingof
E,ondk) changesvhen is includedandyields

Esonek € 2%k 5, 37
or equivalently
sonek  15/4c %k 4 38
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*

FIG. 8. Compositeshowingthe spectreE;,{k*) andEgyq(k*) for all runs
that producedzonal flows. For all of the runs, the inertial ranges of
Ejondk*) solidlines andEgyq(k*) brokenlines collapseto the sametwo
curves,thoughthe endpointsof the inertial rangese.g..ki andks,,, where
the spectrasharplyfall off, differ. Seetext for details.

where ¢ is a dimensionlessconstantof order-unity. Our
numerically computedvalueis ¢ 0.08 0.015. The k °
scalingin Eq. 37 is illustratedin Fig. 8. Heuristically this
can be explainedby noting that the term proportionalto
andthe nonlineartermin Eq. 23 scaledifferently with k.
Multiplying the equationby A(k) and averagingover all
wavenumbersbetweerk andk/2 makesthe termapproxi-
mately  ¢qq(K) and the nonlinear term approximately
k? can(K) redK). Balancing these two terms gives the
scalingin Eq. 38.

Numerical simulations seeFig. 8 show that Egqqy(k)
obeysKolmogorov k %2 scaling over a wide range of k,
while E,,{k) simultaneouslyobeysEq. 37 . The total en-
ergy spectrumis the sumof E¢qq(K) andE,qqdK), or

E k - p2/3k 5/3 c 2k 5_ 39

Ckg Eu
Fork k, the secondterm dominatesandvice versa,where

/1003/10Eup1/5 3/5 3/10.3/10, o 1/5kf2/5A 3/10 3/5.

Ko Cig N
40

Ck

For choicesof input parametersuchthatk, k., the Kol-
mogrovscalinglaw is a goodapproximatiornto Eg. 39, but

for k, k!. , the correctapproximationis

Chg Eup 2/3) 5/3 kb k kf

E k
c %k ° k k.

41

I(min

In Eq. 41, ki, is the smallestwavenumbenf the flow and
is determinedasin Eg. 31 by balancingthe energydissi-
pationratewith the input rate
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Ew 2/ E 42
2 [k 2 [k .
—f "¢ % Sdk —f 'Ckg Eup 2% SOk 43
Kmin kp
1
>¢  Kain 44
or usingEq. 28
Kpin  C /2Cp 14 14 1/2kf1/2A 3/8 45

wherewe haveassumedhatk; k, andk, Kgi,. In many
of our calculationsthe former is true but not the latter, in

which case
kmin kb 4 2 CpA3/2kf 2 6CkgC,:2)/3Ak;1/3kb 2/3/ c 2 1/4.
T

According to our theory, zoneswill form when K,
k,, or
5. 6 2 55302, 2
3 °CgyC Cp AV < 1. 47
In termsof nondimensionatjuantities,zonesform when
* 3cpe Mk 26, 48

which is good agreementvith the numericalsimulations.

Figure 8 is a compositefigure displaying Egdm(k*),
Elondk*), and E* (k*) for all of the runs which produced
zones.Note how well the inertial rangesof E;,.(k*) and
Exi(k*) correlatewith k* ° andk* *? scaling, respec-
tively. In contrast,for runs which producededdy fields, the
spectraEx, . (k*) did not exhibit k* ° scaling.In fact, for
eddyfields, both E, {k*) andEy,(k*) scaledask* °3,
i.e., the presenceof wasneverfelt. It is alsoimportantto
note how well the inertial rangesof EJ,,(k*) collapseto
singlecurvefor all the runs. The sameis true for Egyq(k*).
This is extraordinarywhen one considerghat somerunsare
very turbulentin appearancehile otherslook fairly laminar.
Note the endpointsof the inertial rangesare different for
eachrun. Beyondthe endpointsthe spectrafall off rapidly.
The right endpointat largek* is k* ki which is different
for eachrun. For EX, (k*) the left endpointis k* (k[ )*
which is also different for eachrun. For Egyq(k*) the left
endpointis k* k} . Figure 8 can be usedto evaluatethe
universalconstant 0.30.

In summary, our analysesand numerical simulations
showthatif eitherof the two inequalities 29 and 30 are
not satisfied thenlarge, coherentstructuresdo not form. If

is large, Rossby waves with length scales equal to
the forcing length dominatethe flow. If both inequalities
are satisfiedbut inequality 47 is not satisfied,then nearly
isotropic eddiesform. If all threeinequalitiesare satisfied,
thenlarge coherentzonalflows form. In any case thelength
scale of the large structuresis set by the energy balance
in Eq. 31.

V. DISCUSSION

It is difficult to studynearly-inviscid turbulent,2-D fluid
flows in the laboratoryandit is hardto numericallysimulate
themfor long times dueto numericalinstabilitiesand dissi-
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pation.Becausehereis an analogybetween2-D fluid flow
andthe E B drift velocity in a plasmathereis an opportu-
nity of usingplasmatrapsasan “analog computer” for ex-
amining theseflows. We have shown here that 2-D vortex
dynamics are different when zonal flows, large-scale
Rayleigh-like dissipation,ora -effectareincluded.These
are someof the leading physical processesn jet streams,
ozoneholes,andthe GreatRed Spot.All of theseeffectsare
plausible additions to existing plasma experimentsthat
mimic 2-D fluid flow. Becausetheseadditional effects are
importantto geophysicaflows, which representhe majority
of 2-D flows of interestto hydrodynamicistsjt would be
usefulto includetheseeffectsin future generation®f plasma
experiments. When zonal flows are included, adverseand
progradevortices behavedifferently. It is energeticallyfa-
vorablefor adversevortices thosewith oppositesign of the
ambientzonalshear to fragment.If the adversevorticesare
embeddedn zonalflows that alternatein direction suchas
the winds of Jupiterand Saturn, the fragmentsare expelled
into neighboringregionswherethe zonal shearis prograde
samesign with respectto the vorticity. When the zonal
shearand the potential vorticity of the vortices are of the
sameorder,thereare no known equilibrium solutionsof ad-
versevortices.Rulesgoverningvortex mergerandthe relax-
ation to equilibrium changewhen zonal flows are present.
They do not appeatto be governedby the principle of maxi-
mizing the flow’s entropy or minimizing its enstrophy.In-
stead,mergerand relaxationto new equilibria occurif they
allow the energyof the coherentvorticesto decreasegiving
their excessenergyto the turbulentcomponenbf the veloc-
ity .
When zonal flows are not imposed but the flow is ran-
domly forcedat smallscalesdissipatedht largescalesanda
-effectis included,aninversecascad®f energyfrom small
to large scalesis set up. When the appropriateconditions
outlinedin Sec.lV. aresatisfied large-scalestructuresform
and co-existwith turbulence.The size of the structuresis
determinedby a balanceof energyinput and dissipation
rates.This is unusualbecausén mostcasesvherecoherent
structuresco-existwith turbulence e.g.,the GreatRed Spot,
solar granulation,turbulent Couette-Taylorvortices, ocean
eddies the sizesare determinedby the length-scaleof the
forcing, the boundariespr the Rhineslength?° By varying
the dissipationtime or forcing ratein the numericalsimula-
tions and hopefully in the experimentsthe size of the co-
herentstructurescanbe continuouslyvariedfrom the length
of the small-scaleforcing to the size of the entire domain.
The magnitudeof only hasa secondaryole in settingthe
lengthsof the coherentstructures by changingthe shapeof
the energyspectrum. The valueof  primarily determines
whether the forcing createsan isotropic eddy field, jet
streamspr Rossbywaves.Our analytictheoriesfor the cri-
teriafor whattypesof structuredorm, for their lengthscales
and velocity scales,and for the rules of mergerand relax-
ation were shownto be verified by numericalresults.How-
everthe numericalresults,which areonly formally valid for
short time integrations,have not beenrigorously testedby
laboratoryexperiments Plasmatraps may well be the best
way to testthem,aswell astheir applicationto the vortices
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and jet streamsof the earthand Jupiter, environmentsthat
aredifficult to reproducen the laboratorybut which arethe
authors’ motivation for our study of vortex dynamics.It is
our hopethatthis Reviewprovidesencouragemergndguid-
anceto build geophysicallyrelevantplasmaexperiments.
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