


- 128 -

Assuming that F is non-singular and using (7) and (19), we can write

nmda=JXp;NpdA +JXp;NpdA. (20)
Notice that

jodl o 01 OFA _ y g1y, v Fa =T viadig = Vi 21

—HT—EET_atL— Aj VikEFkA =J VjkOkj =J Vjj - (21)

Using (21), equation (20) becomes

njda=(J XD,iVj Jj= J XD,jVj,i)ND dA

or

nj da= J(Vj,jXD,i = Vj,iXD,j)ND dA. (22)

Material volume elements

Let !dX, 2dX, and 3dX be three material line elements forming a right handed system
located at X in the reference configuration. Suppose that the motion , (X,t) takes !dX, 2dX, and
3dX into three line elements 'dx, 2dx, and 3dx, respectively, at x in the current configuration (see

Figure 3). Define the material volume element dV in the reference configuration by

dV = 1dX - (2dX x 3dX) = gppc!dX, 2dXp 3dXc . (23)
The corresponding material volume element in the current configuration is then

dv = Idx - (3dx x 3dx) = gjj 'dx; 2dx; 3dxy . (24)
Using equations (3), (5), (11), and (23), we can write (24) as

dv = eipxi AXj BXk ' dX 4 2dXp 3dXc = gapc(det F) 1dX, 2dXp 3dXc

= J(eapc 'dX4 2dXp *dX()

or

dv=JdVv. (25)
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Taking the material derivative of (25) gives

dv =] dV =T vjdV = J(div v)dV, (26)

where equation (21) is used for the calculation of .

A special case of the above analysis occurs for isochoric motions (i.e. motions for which

dv =dV for all volumes occupied by any material region of the body). It is clear from this
definition that dv = 0 for isochoric motions. We see from equations (25) and (26) that the neces-

sary and sufficient condition for isochoric motion may be expressed either as
J=1 or vjj=divv=0. (27)

Summary
A summary of the basic equations derived in this appendix are given in the following:

Material line, area, and volume elements:

ds? = Xi, Axi,BdX AdXB
n; da=]J XD,i ND dA

dv=JdV

Material derivatives of line, area, and volume elements:
ds2=2 djjxi, AXj,BdXAdXB
dai = J(Vj JXD,i = Vj,iXD ’j)dAD

dV=JVjJ'dV.
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Supplement to Part I, Section 7

Interpretation of infinitesimal strain measures.

Recall the following expressions:

ds? = dx;dx; = x; AXj gdXadXp = CApdXadXp

d82 = dXAdXA = XA,iXAJdXide = cijdxidxj
EaB = %‘(CAB —0AB) = %‘(UA,B +Uga + Um,aUm;B)

ejj = -17(5ij —cij) = ‘é‘(ui,j +Uji — U iUm) -

Also recall that the stretch A and the extension E are defined by

A= g—sg = \/CABMAMB = \/17+2 EABMAMB

= 1/\/cijmimj =1A1- 2¢;mym;
and

_ds—dS _, _
E—T_x 1 ’

where

MAMA=mimi=1 and dXA=MAdS ) dxi=mids .

(1

(2a)

(2b)

3)

For an infinitesimal deformation (see class notes Part I/7), we may approximate Exp by neglect-

ing term of O(g2) as € — 0 as

Eap=5(Uap+Upa) =O0() as 0 .

4

The distinction between Lagrangian and Eulerian strain disappears for an infinitesimal deforma-

tion. Thus,
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Cjj = EABSiASjB = 0(8) as € >0 . (5)

Hence, for an infinitesimal deformation the extension and the stretch given in (2) may be written

as
E=A—-1=EpgMaMp + 0(82) = gjjmym; + 0(82) (6)

and

A =1 + 2EA\gMaMp = | + EAgMaMg + O(&2) (7a)
or, alternatively,

A = N1 - 2e;mim; = 1 + ejmim; + O(e?) . (7b)

In the following discussion, we will use ey, €22, ..., to denote the components of the infinitesimal
strain tensor, since from (5) no distinction needs to be made between Lagrangian and Eulerian

strain as € — 0. Consider a line element which lies along the X axis, i.e.

dX,=dS , dX;=dX3=0 , and M, =(1,0,0) ,

so that from (6)
B= S5 —e . (8)

That is, e;; represents the extension (the change in length divided by the original length) of a
line element lying along the X; axis. We note that to within O(g2), the direction m; in the current
configuration coincides with the direction My in the reference configuration. Similar results
hold for e,, and e3;. In summary: the diagonal elements of the infinitesimal strain tensor

represent the extension of line elements in the corresponding coordinate directions.

Consider two orthogonal elements which initially lie along the X; and X axes, so that

dX;=dS , dX,=dX3=0, Ma=(1,0,0) 9)
dX,=dS , dX;=dX3=0, Ma=(0,1,0) .
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Let 6 denote the angle between the corresponding deformed line elements dx and dx, whose
lengths are ds and ds. From (8), neglecting terms of O(g2) as € = 0, we have
ds=(1+e;;)dS and ds=(1 +e22)d§ . (10)

Now observe that

Ldx | dxgdx dX,dX
cos 9= —dxd¥ _ CXi '=xi,Axi,B—d—:fB

dX,dXp MaMp
dsds.. = (+en)l+en)

= Cio/(1 + e11)(1 + e2) = 2e12/(1 + 11 + €x2) + O(e?)

=2epp + O(e?) , (1)
where we have used (1)3, (5), (9), and (10) in deriving (11).

Let ¢ be the amount 0 differs from a right angle (i.e. ¢ = —8 + n/2), so that

cos 0 =sin ¢ = ¢ + O($3) . (12)
From (11) and (12), we see, after neglecting terms of O(g2), that

b=2ep; or ep=3 . (13)

The angle ¢ is known as the shear angle. Similar results hold for e|3 and e;3. Hence: the off-
diagonal components of the infinitesimal strain tensor are seen to represent half of the change in

angle between two line elements initially along the corresponding coordinate axes.

Recall that dv=JdV, where J = det(x; ). In the class notes Section I/7, it was shown that

neglecting terms of O(e?) as € — 0 gives
J=1+ €kk - (14)

Thus, dv =JdV =dV + e dV, or
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dv—dv _

—m— ekk . (15)

The invariant ey is known as the dilation. Equation (15) implies that the trace of the

infinitesimal strain tensor measures the local change in volume per unit volume.
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Supplement to Part III, Section 2

Isotropic tensors.

Under a rotation of coordinate system, recall that the components of a vector change

according to the rule
X =ajmX'm OF X'm=ajmXj, (1)

where x; are the components of a vector x with respect to one coordinate system and X', are the
components of the same vector with respect to a different coordinate system. The coefficients

aj, are components of an orthogonal tensor such that

ajjaik = ajiak; = Ojx and det(a;) =% 1. 2)
Also recall that the components Tj;_ i of a tensor T transform according to the rule

Tij. k= 2ipajq " akrL'pg.rs (3)
where a;;’s obey equation (2).

Definition: A tensor T is called isotropic if its components are invariant to rotation of the coor-

dinate system. Thus, if T is isotropic, then

Tij.x =Tk
or from (3),
Tjj. k= aipajq ~ - ar Ipg...r 4)

for all orthogonal aj;.

Theorem 1: A scalar invariant is an isotropic tensor of order zero.
Proof: Let ¢ = ¢(x;) be a scalar invariant, so that from (3) ¢(xj) = §(x';)) = ¢'. Since ¢ = ¢/, the

scalar invariant ¢ satisfies the definition of an isotropic tensor given by (4).

Theorem 2: The only isotropic tensor of order one is the zero vector.
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Proof: Ift; are the components of an isotropic vector t, then from (4)
t= ajitj (5)

for all components aj; of orthogonal tensors. Consider, for instance, the choice

-1 0
[aj{I = 0 -1
0 0

With this choice for aj;, (5) becomes (t; , tp, t3) = (—t; , —t2 , t3), which implies that t; =0

—o O

and t, = 0. Now consider the choice

1] -
aal =10 —
it 0

for which equation (5) becomes (t; , tp, t3) =(t; , -t , —t3), and so we must have t3=0

0
0
1

o= O

also. Thus, if t is an isotropic tensor of order one, then t = 0.
Theorem 3: Every isotropic tensor of order two is a scalar multiple of d;;.
Proof: Let T;; be the components of an isotropic tensor T, so that from (4)
Tjj = aipajgTpq (6)
for all orthogonal tensor components a;;. Consider now the following choices for a;; and the

resulting forms of equation (6):

0 0-1 Ty Tz Tis T3z T3 -Tx
[aij] =|-1 0 0| sothat T21 T22 T23 = Tl3 Tll —T12 s
01 0 T31 T32 T33 —T23 —T21 T22
and
0 0-1 Ty Tiz Tis Taa =131 T3z
[aij} =|1 0 0| sothat [Ty T Tys| = [-Tyz Ty ~Tpo| . (7
0-1 0 T3 T3y Tss Ty3 —Ta1 T2

In order for (7); and (7); to both be satisfied, we must have

T11=Typ=Ts; and T;3 =Ty =T;3=T3; =Tz =T, =0,





