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A Visualization Tool for the
Vibration of Euler-Bernoulli
and Timoshenko Beams

Prithvi Akella , Evan G. Hemingway, Oliver M. O’Reilly

This article details the background material on the classic Euler-
Bernoulli and Timoshenko beam theories. A tool designed for
visualizing the deformation of beams in static equilibrium and
dynamic vibration under an applied loading is also
demonstrated. The treatment of these topics is intended to be
accessible to upper-division undergraduate engineering
students.

B The Euler-Bernoulli Beam
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Figure 1. A deformed Euler-Bernoulli beam and its reference configuration in which the
centerline is straight and parallel to the x-axis. The cross-sections of the beam remain
plane and orthogonal to the centerline after deformation. The upward displacement of a
material point on the centerline at a location x in the reference configuration is denoted by
w(x,t) and the counterclockwise rotation of a cross-section at a location x in the reference
configuration is denoted by the angle 6(x,t).

The Euler-Bernoulli beam model is the simplest linear beam theory and is dis-
cussed in most elementary textbooks on vibration (see, e.g. [6]). It works particularly well
for slender beams or beams with a high shear modulus, where deformations due to bend-
ing are more significant than those due to shear. The centerline of the beam is defined to
be the line of geometric centers along the length and it is parametrized by the coordinate x
in the reference configuration. We assume the centerline to be inextensible while the
cross-sections remain plane and normal to the centerline. To apply the theory, we require
knowledge of the following beam properties: p, the volume mass density, A, the cross-sec-
tional area, /, the length, E, the modulus of elasticity, and I, the area moment of inertia. Re-
ferring to Figure 1, if w and u are the respective vertical and horizontal displacements of a
point on the centerline relative to a straight reference configuration, then geometric consid-
erations show that

ow . ou
— = sin(f), 1 + — = cos(H), (D
ox ox

where the coordinate x parametrizes the initially straight centerline. Assuming small deflec-
tions, these relations simplify to
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ow ou
— =0, —=~0. 2)
ox ox
The signed curvature « of the centerline is related to the angle 6 as:
00
K= —. 3
o 3)

Thus, for small deflections of the beam, « can be approximated by ZZTVZV.

u

Figure 2. TRY TO MAKE NON-FUZZY A differential element of an Euler-Bernoulli
beam at position x = x* and time t = ¢#*. The bending moment and shear force at x*+dx are

approximated using Taylor series expansions: M (x* + dx, ") = M(x*, ") + ‘Z—Af (x*, ) dx

and V(x* +dx, ') =V, ) + & (7, 1) dx,

Referring to Figure 2, the forces acting on a cross-section of the beam include a
shear force V and an axial force, which are the resultants of shear and normal tractions inte-
grated over the cross-sectional area. The axial force ensures that the centerline remains in-
extensible. The curvature of the beam is due to a bending moment, M, which is the resul-
tant torque in the z-direction due to normal tractions about the centerline. We assume the
classic constitutive relation

*w

M = El — 4
ox
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where we have substituted (:T‘ffor the centerline curvature and EI is known as the flexural
rigidity.

In Euler-Bernoulli beam theory, the inertia of the rotating differential elements and
the deformation due to shear is assumed to be negligible, so that cross-sections remain nor-
mal to the centerline. Consequently, the balance of angular momentum for an element of
the beam yields the relation

oM
0= —+m+V. 5
Ox

Here, m = m(x,t) is an applied moment per unit length about the centerline of the beam in
the -y-direction. The balance of linear momentum in the z-direction yields
*w oV

A— = —+ f. 6
paﬂ 6xf ©

Here, pA is the linear mass density of the beam, and f = f(x,t) is an applied force per unit
length in the z-direction. Together, m and f make up the applied loading. Assuming no ap-
plied forces in the horizontal direction, small deformations, and inextensibility, the bal-
ance of linear momentum in the horizontal direction will show that the axial force in the
beam is constant.

Combining equations (4), (5), and (6) and assuming that pA and EI are indepen-
dent of x (i.e. the beam is homogenous and prismatic) yields a constant coefficient fourth
order linear PDE which is the equation of motion for the Euler-Bernoulli beam:

ftw Pw
fa—EI§=pA¥, (7)

where f, =f- % is defined as the total applied loading. To solve this partial differential

equation, we require the initial conditions

@ ) (8)
W x, 9 D 'xﬂ 2
0 o1 0
at time t = £, along with the four independent boundary conditions featuring
w0, 2y, D e, T ey 9)
W ‘x 5 5 ~ ‘x 5 5 — ‘x 2 2 — ‘x 2 2
ox 9x? x>

at locations x = x*. For instance, x*is typically chosen to be 0 or /. To obtain solutions
. 2 . . . .
for the static case, we first set (ZTZV = 0 in equation (7). Then, one performs four simple in-

tegrations while applying four independent boundary conditions to obtain the solution.
The resulting displacement w = w(X) is the solution up to a rigid translation and constant
velocity. The following function defines the deformed centerline and generates the visual-
ization in Figure 3.
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StaticEulercenterline [Emod_, Iarea_, TotalLength_,
Lsupport_, Rsupport_, t_, b_] := Module[{},
Clear[position, w, q, eqnl, eqn2, eqn3, eqnd4, eqn5,

solution];
gq=t+b;
egqnl = w''''[x] == q/ (Emod Iarea) ;
eqn2 = Switch[Lsupport, Fix, w[0] =0, S, w[0] == 0,
Free, w''[0] =0];
eqn3 = Switch[Lsupport, Fix, w'[0] =0, S, w''[0] =0,
Free, w'''[0] ==0];
eqn4 = Switch[Rsupport, Fix, w[TotalLength] ==0,
S, w[TotallLength] == 0, Free, w''[TotallLength] ==0];
eqn5 = Switch[Rsupport, Fix, w'[TotalLength] == 0,
S, w''[TotallLength] == 0, Free,
w'''[TotalLength] == 0] ;
solution = DSolve[{eqnl, eqn2, eqn3, eqn4, eqn5},
w[x], {x, 0, TotallLength}];
position[x_] := Evaluate [solution[[1]][[1]]1[[2]1]1];
Return[position]];

StaticEulerSections [position_, TLength_] := Module[{},
Clear [newposition, slope, shear, moment, radius,
theta, crosssection, graphing];

newposition [x_] := position [x];
slope[x_] := newposition ' [x];
shear [x_] :=position'''[x];
moment [x_] := position''[x];

radius[x_] := (1 / newposition''[x]) /5;
theta[x_] :
crosssection [varl_, var2_, var3_, constant_,

ArcTan [newposition ' [x]];

TotalLength_, newposition_, theta_] :=
If[varl 2 var2 &&var2 2 var3,
Graphics [
Line [
{{var2 + Sin[constant theta[var2]] TotallLength / 10,
constant newposition [var2] -
Cos [constant theta[var2]] TotalLength / 10},
{var2 - Sin[constant theta[var2]] TotalLength / 10,
constant newposition [var2] +
Cos[constant theta[var2]] TotallLength /10}}1],
{317
graphing [varl_, n_, place_, constant_, TotallLength_,
newposition_, theta_] :=
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Module [{sep, sections}, sections = O Range[n+1];
sep = TotalLength / n;
For[i=1, i<=n+1, i++,
sections [[i]] = crosssection [varl, (i-1) sep,
place, constant, TotalLength, newposition, thetal]];
Return[sections]];
Return [Manipulate [Show [
Plot [d newposition [x], {x, 1, u+0.01},
PlotRange -» { {0, TLength}, {-c, c}},
AxesLabel -» {"x", "w[x]"}],
If[line, Graphics [
Line[{{u+ Sin[b theta[u]] TLength /10,
b newposition [u] - Cos[b theta[u]] TLength / 10},
{u-Sin[b theta[u]] TLength / 10,
b newposition [u] + Cos [b theta[u]] TLength /10}}]],
Plot[O, {x, O, 1}]],
If[line, graphing[u, number, 1, b, TLength,
newposition, theta], Plot[O, {x, 0, 1}111],
{u, 0.01, TLength -0.01},
Item["u-sets RHS x-axis graph limit",
Alignment - Left],
{1, 0.01, TLength -0.01},
Item["l sets the LHS x-axis graph limit",
Alignment - Left],
{b, 10000},
Item|[
"b magnifies the graph and all associated
material (cross-sections, angles, etc)",
Alignment - Left],
{c, TLength},
Item["c sets the pos/neg values on the y-axis",
Alignment - Left],
{number, 5},
Item|[
"number sets the number of cross-sections the
program will animate", Alignment - Left],
{line, {True, False}},
Item["Line switches the cross-sections on/off",
Alignment -» Left]]]];
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Figure 3. Example of a static deformation of an Euler-Bernoulli beam under a sinusoidal
applied traction load. Given pin joints as support structures, the four independent bound-
ary conditions require that V =0 and M = 0 at both ends of the beam. Here, we used the
following data:

Emod =100 Pa Iarea: 5 m* TLength: 5m t=Sin[rx] b=0

O Free Vibrations

The more interesting case concerns the dynamic vibrations of the beam. To proceed, we
first set f = 0 and m = 0 and solve the free vibration problem. The governing equation (7)
is written in standard form as

o Tor = 4o
where
El
c = J (1D

Next, we assume that the mode shape profile is independent of time so that the desired so-
lution is separable:

w(x, 1) = W(x)O(®). (12)

Substituting the assumed form of w(x,t) into the partial differential equation (10) produces
the equation
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0 W _—1
0T 3
dt X

where w is an undetermined constant. A solution for Q(t) is easily obtained as
O@) = Ysin(wt) + Z cos(wt), (14)
where Y and Z are real constants to be determined from initial conditions. The mode

shape W(x) is obtained as the eigenfunction with eigenfrequency w in the differential eigen-
value problem:

, dtw

G — W’ W=0. (15)
dx
By assuming a solution of the form W = Be'™, we obtain the dispersion relation
A= W? =0, (16)
which yields:
w
r = — , = -r,
c
a7
Cjw
rys =1 — , Iy = —r3.
c

The quantit 2 is known as the wavenumber. The general solution may be expressed
q Y v -

as a linear combination of exponential functions:
— 4 i X
W) =y, B, (18)

Currently, B; and r; are complex. Since we require w to be real and Q has been shown to
be real, we rewrite W(x) in the form

W(x) = A cos(Bx) + A, sin(Bx) + Az cosh(Bx) + A, sinh(B8x), (19)

where each 4; is a real constant and we have defined 8 =4/ % for notational convenience.

Three of the 4; are found by imposing four boundary conditions on W(x). Simple
boundary conditions include: no allowable displacement (w = 0) , no allowable cross-sec-

ow

tion rotation ( ox

= ), no applied couple (EI 9;7‘2” = 0), and no applied shear force (EI %

= 0). For example, the boundary conditions on the displacement for a fixed (clamped or
cantilevered)-free beam are

ow
wkx=0,70)=0 —(x=20,7) =0,
ox

2 3 (20)

W et =0 D=t =0
_x: b = ,_x: b = b
Ox? ox3
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which imply the following boundary conditions on the mode shape:

dw > w W
Wx=0)=0, —x=0=0, — (x=0)=0, —(x=¢)=0. (21
dx d x* dx’
It is convenient to formulate a matrix equation using the four boundary conditions:
my myy myz omig (A 0
My My Myz M A 0
21 Mo Moz My 2| _ ‘ 22)
msy; my mzz mig || A; 0
myy Mgy Mgz Mg )\ Ay 0

For a non-trivial mode shape the determinant of the coefficient matrix M must be zero.
This yields the frequency equation for w:

det(M) = 0. (23)

Any 4-tuple [A4,, A,, A5, A4]" in the 1-dimensional null space of M provides three of the
four constants 4;. Continuing the aforementioned example, we find for the fixed-free beam

1 0 1 0
vo| 0 1 0 1 2
Tl B —sBr ch(pe) sh(go | 24)

s(Bf)  —c(Br) sh(Br) ch(pl)

where we have used the abbreviated notations: c(-) = cos(-), s(-) = sin(-), ch=cosh(-), and
sh(-) = sinh(-). With the aid of some trigonometric identities, the frequency equation is
found to be

cos(f¢) cosh(BY) = —1, 25)

which is a transcendental equation for the natural frequency w. Equation (25) yields in-
finitely many natural frequencies where w; < w;,; and w,is known as the fundamental fre-
quency. It follows that there are infinitely many corresponding mode shapes W;(x). In our
example, a 4-tuple up to a scalar 4; in the null space of M corresponding to w; is found to
be:

A-[ s(B; )+ sh(B; f) 1 s(B; ¥) + sh(B; f) _1]T
Lec(Bit)y—ch(Bit)’ ~ c(Bif) + ch(B;¢)’ ‘

Since A; is arbitrary, we may set 4;=1 for every natural frequency. Then, the general solu-

(26)
tion for the fixed-free beam has the form

w0 = Y W) 040, 27)

where
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Wix) =
s(B; ) + sh(B: ) sBiO+shBil) o o s
—c(B; ) — ch(B; £) c(Bix) +s(Bix) + (B, ) + ch(B; ) ch(B; x) — sh(B; x) , (28)

Qi) = Yis(w;t) +Z; c(w; 1).

It remains to determine the coefficients Y; and Z; from the initial conditions.

o Non-Dimensionalization Procedure

To non-dimensionalize the equation of motion for the free vibration, we begin by introduc-
ing the following non-dimensional variables:

ct

L= = (29)

where ¢ = _| % 1S a constant.

The dimensionless form of the partial differential equation (10) is

A

w=—, X =

~| s
~N | =

-~

W =0, (30)
where o' denotes Z—;’ and o denotes Z—?.

Furthermore, the governing equation may also be non-dimensionalized as

f,—w" = W. (31)
Here,
n e
- fEI . (32)

With the aforementioned definitions for the superposed dot and prime.

~ W Low? o~ M. ~
W=—,B=Bl,0=—,M=—=w",V=-M. (33)
¢ c El

The highlights of the non-dimensional treatment present themselves as follows; first for
the fixed-free boundary conditions:

WME=0,7)=0, #(%=0,7)=0, #"(k=1,7) =0, #"(k=1,7) = 0. (34)
Secondly, boundary conditions on the now non-dimensional mode shapes are:

WE=0)=0, W'G=0=0,W"G=1)=0, W"GE=1)=0. (35)
Given that we non-dimensionalized W as W = %, we also require that A4; are replaced

with ;1,: %L. Lastly, the only change from the frequency equation for the fixed-free case
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discussed earlier is:

cos(,é) cosh(,é) =-1.

o Implementation

11

(36)

In the code, we solve for the first ten @; that satisfy the frequency equation (36).
Mode shapes for five simple cases may be found in Rao [6, Chapter 8]. The classical solu-
tions are used in the code and are listed here for completeness: for a free-free beam,

G = Fut - 20 F
i 1i F4 1(1) 3i B
a fixed-fixed beam,
@) = Fa) - 220 3)
i 2i F4 l(l) 49 5
a fixed-free beam,
i) = B - D e,
Fpi(1)
a fixed-pinned beam,
W@—F@)Qﬂﬁw@
i — 42 - 4i 5
Fyi(1)

and a pinned-pinned beam,
Vf/,-(x) = sin(/}i 5c)

The functions Fy; 5, 3; 4; are
F, (%) = cosh Bi 5c) + cos

F, (%) = cosh ,[Ail. 5c) —cos

F3:(%) = sinh(ﬁl. fc) + sin(ﬁifc ,

Fui(3) = sinh(,él. x) - sin(,[}l. x)

37

(38)

39)

(40)

(41)

(42)

The general solution for any of these simple cases is found by substituting the appropriate

Vf/,-(fc) into the non-dimensional version of the expansion (27), where Q;(x) always has the

form (28) for every case. As in the static case,functions which identify and display the de-

formed centerline as in Figures 4 and 5 may be seen below.
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VibEulerCenterline [type_, mode_] := Module[{},

Clear [modetype, val, P, Q, R, S, FreeFreeeq,
FixedFixedeq, FixedFreeeq, FixedPinnedeq,
PinnedPinnedeq, position, omega, FreeFreeroots,
FixedFixedroots , FixedFreeroots 6 FixedPinnedroots,
PinnedPinnedroots ] ;

FreeFreeroots = {0, 4.73004, 7.85320, 10.9956,

14.1372, 17.2788, 20.4204, 23.5619, 26.7035,
29.8451};

FixedFixedroots = {4.73004, 7.85320, 10.9956,
14.1372, 17.2788, 20.4204, 23.5619, 26.7035,
29.8451, 32.9867};

FixedFreeroots = {1.8751, 4.6409, 7.85476, 10.9955,
14.1372, 17.2788, 20.4204, 23.5619, 26.7035, 29.8451};

FixedPinnedroots = {3.92660, 7.06858, 10.212,
13.3518, 16.4934, 19.635, 22.7765, 25.9181,
29.0597, 32.2013};

PinnedPinnedroots = {1*Pi, 2+Pi, 3*xPi, 4%Pi,
5%xPi, 6%xPi, 7*Pi, 8+Pi, 9+Pi, 10 xPi};

modetype = Switch[type, FreeFree, FreeFreeroots,
FixedFixed, FixedFixedroots ,h FixedFree,
FixedFreeroots , FixedPinned , FixedPinnedroots,
PinnedPinned, PinnedPinnedroots];

val = modetype [ [mode] ]

P[x_] := Cosh[val x] + Cos[val x];

Qx_1 :

R[x_] :

S[x_] :=Sinh[val x] - Sin[val x];

FreeFreeeq[x_] := P[x] - (Q[1] /S[1]) R[x];

FixedFixedeq [x_] :=Q[x] - (Q[1] /S[1]) S[x]:

FixedFreeeq[x_] := Q[x] - (S[1] /P[1]) S[x]:

FixedPinnedeq [x_] :=Q[x] - (Q[1] /S[1]) S[x];

PinnedPinnedeq [x_] := Sin[val x];

Cosh[val x] - Cos[val x] ;

Sinh[val x] + Sin[val x] ;

position[x_] := Switch[type, FreeFree, FreeFreeeq [x],
FixedFixed, FixedFixedeq [x], FixedFree,
FixedFreeeq [x] , FixedPinned, FixedPinnedeq [x],
PinnedPinned, PinnedPinnedeq [x]];

Return[position]];

VibEulerDeformation [position_] := Module[{},
Clear[theta, radius, slope, moment, shear, TotallLength];
slope[x_] := position ' [x];
moment [x_] := position''[x];
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shear[x_] := position'''[x];
radius[x_] := 1/ moment [x];
theta[x_] := ArcTan[slope[x]]’
TotalLength =1;
crosssection [varl_, var2_, var3_, constant_] :=
If[varl 2> var2 &&var2 2 var3,
Graphics [
Line [
{{var2 + Sin[constant theta[var2]] TotallLength / 10,
constant position [var2] -
Cos [constant theta[var2]] TotalLength / 10},
{var2 - Sin[constant theta[var2]] TotalLength / 10,
constant position [var2] +
Cos[constant theta[var2]] TotallLength /10}}11],
{317
graphing [varl_, n_, place_, constant_] :=
Module [{sep, sections}, sections = O Range[n+1];
sep = TotalLength / n;
For[i=1, i<=n+1, i++,
sections [[i]] = crosssection [varl, (i-1) sep,
place, constant]];
Return [sections]];
Manipulate [Show [
Plot [b position[x], {x, 1, u+0.01},
PlotRange -» {{-TotalLength /5, 2 TotalLength},
{-2 TotallLength, 2 TotalLength}},
AxesLabel -» {"x", "w[x]"}],
If[circ,
Graphics [Circle[{u+ Sin[theta[bu]] b radius [u],
b position[u] - Cos[theta[bu]] b radius[u]},
Abs[b radius[u]]]], Plot[0, {x, O, 0.01}]],
If[line,
Graphics [
Line[{{u+ Sin[theta[bu]] 0.1,
b position[u] - Cos[theta[bu]] 0.1},
{u-Sin[theta[bu]] 0.1,
b position[u] + Cos[theta[bu]] 0.1}}]1,
Plot[O, {x, O, 0.01}]],
If[line, graphing[u, number, 1, b],
Plot[0O, {x, O, 0.01}]]11,
{u, 0.01, TotalLength -0.01}, {circ, {True, False}},
{line, {True, False}}, {1, 0.01, TotalLength -0.01},
{b, 1, 0}, {number, 5}]];
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1.5 2.0

-2 -
Figure 4. Example of the non-dimensionalized third mode of vibration for a Bernoulli-Eu-
ler beam with Simple end supports. As we’ve non-dimensionalized, the simple end condi-

tions enforce #=0 and A=0 at the ends. The cross-sections and osculating circles can be
seen albeit they are slightly exaggerated for visualization purposes.

wx]
2 —

_2 L
Figure 5. Example of the non-dimensionalized second mode of vibration for a Bernoulli-
Euler beam with fixed and free end supports. Non-dimensionalizing enforces w =W’ = 0

for the fixed end, and V =M =0 for the free end. The cross-sections and osculating cir-
cle can be seen albeit they are slightly exaggerated for visualization purposes.
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B Timoshenko Beam Theory

In Timoshenko beam theory, the rotary inertia of a differential element of the beam is con-

sidered non-negligible and the cross-sections are allowed to rotate relative to the center-

line due to shear deformation (cf. Figure 6). The Euler-Bernoulli beam theory may be ob-

tained as a limiting case of Timoshenko beam theory when a particular dimensionless quan-
tity in the forthcoming section is very small.

C
A

Y

Figure 6. A deformed Timoshenko beam whose centerline is initially straight and parallel
to the x-axis. The cross-sections of this beam remain plane but are not necessarily orthogo-
nal to the centerline after deformation. The upward displacement of the beam at a location
x along the center line is defined by w(x,t) and the counterclockwise positive rotation of
the cross-section at a location x on the centerline is defined by the angle a(x,t).
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Figure 7. Positive values of the angles 6, a and S that are used to define the respective rota-
tion of the unit tangent vector e, to the centerline, the rotation of the cross-section, and the
shear deformation of the cross-section.

To begin characterizing the shear deformation, we first define 6 as the counterclock-
wise positive angle that the deformed tangent to the centerline, e;, makes with the x-direc-
tion:

ow ) ou
— =sin@), 1+ — = cos(d). (43)
ox ox

Referring to Figures 6 and 7, we define the angle that the cross-section makes with its refer-
ential counterpart by . Finally, the shear deformation angle 5 is measured clockwise posi-
tive from a plane perpendicular to the cross-section. For small deflections of the beam,
may be expressed as

ow
ox

For this beam theory, the complete solutions entails finding w = w(x,t) and a = a(x,t). By

B=0-a~ - a. (44)

way of contrast, for the Euler-Bernoulli beam the complete solution entailed finding just w
= w(x,t). The development of the governing equations parallels those for the Euler-
Bernoulli beam. The internal forces in the beam are a shear force V, an axial force, and a
bending moment M. We assume the beam is acted upon by an applied distributed force f
and an applied distributed moment m. The sign conventions for these scalar kinetic quanti-
ties are as in the previous section. The shear force and bending moment are prescribed by
the following constitutive relations:
o ow
M = El—, V = kGAB = kGA(——a/). (45)
Ox ox
For the shear force, we have introduced the shear modulus G and the shear correction fac-
tor (or shear coefficient) k. The factor k was originally introduced by Timoshenko [?]
ADD REFERENCE in 1921. It has been shown that k depends on the geometry of the
cross-section of the beam and obtaining accurate values of k for beams of various cross-sec-
tions has received considerable attention in the literature since the 1920s (cf. [?,7,7]) ADD
REFERENCE. For example, a value of k = 5/6 for beams with rectangular cross-sections
is often used.

The differential element of the beam is identical to that shown for the Euler-
Bernoulli beam in Figure 2. Balances of linear momentum in the z-direction and angular
momentum in the y-direction yield

’Fw oV 0’ a

oM
pA¥=g+f,pI¥=g+m+V. (46)

Substituting the constitutive relations for V and M and assuming prismatic and homoge-
nous beams, we find a set of coupled partial differential equations for w and a:
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Pw  da P w
ax*  Ox ot

kGA(— - — | +f=pA—,
(47)
’a ow a
El — + kGA|— —-a|+m = pl —.
ax* dx ot
To make the problem more tractable, we will only approach the problem from a non-dimen-
sional perspective so that the number of parameters in the system is reduced. We begin by
non-dimensionalizing the variables w, x, and t:

vV s, | XE (48)
w=—,x=—,1= —.
{ { pl?
Non-dimensional loading is conveniently defined as:
o fr m
=—,m=—. 49
7=Ga " aa )
We also introduce the following dimensionless parameters:
EI 1 1 50)
X = N - = .
PKGA s AP

Noticing that [ ﬁ is the radius of gyration of the cross-section, we see that s may be inter-

preted as the slenderness ratio for the beam. The quantity y gives a measure of how impor-
tant the effects accounted for in Timoshenko beam theory are. When y is very small, the
Euler-Bernoulli beam theory is reattained. Using these dimensionless quantities, the equa-
tions of motion (47) take on a simpler form (we have omitted the hats for notational

convenience):
W" _ a'+ = 1./1.}’
S()(Q"i‘w_a-’-m):a‘
The decoupled equations have the form
Wt SXWmv_(l+SX)WH+S{;V:f“‘—SXf" + Sf—Sm', (52)
a+ sya"-(l+sy)a"+sa= S(’h_mwf')‘

The solutions obtained for w = w(x,t) and @ = a(x,t) using the second-order coupled par-
tial differential equations (51) are the same as those obtained from the uncoupled fourth-
order partial differential equations (52). To obtain a unique solution, a set of eight bound-
ary conditions and four initial conditions are required. In concordance with the previous
sections, functions for the obtaining the static deformed centerline and visual displays are
seen below. An example of the visualization is provided in figure 8.
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StaticTimoshenkoCenterline [Emod_, Gmod_, area_, k_,

Iarea_, TotalLength_, Lsupport_, Rsupport_, t_

Module [{},

, b ] :=

Clear [w, nonscalew, phi, nonscalephi, eqnl, eqgn2,

eqn3, eqn4, eqn5, eqn6, solution, q, maxpos];
q[x_] := Evaluate[t+Db];
eqnl = phi'[x] ==w''[x] +q[x] / (k area Gmod) ;
eqgn2 phi''[x] == k area Gmod / (Emod Iarea)
(Phi[x] -w'[x]);

eqn3 = Switch[Lsupport, Fix, phi[0] ==0, S, phi'[0] =0,

Free, phi[0] ==w'[O0]];

eqn4 = Switch[Rsupport, Fix, phi[TotalLength]
S, phi'[Totallength] == 0, Free,
phi[TotallLength] == w' [TotalLength]];

eqn5 = Switch[Lsupport, Fix, w[0] ==0, S, w[O0]
Free, phi '[0] = 0],

eqn6 = Switch [Rsupport, Fix, w[TotalLength] ==
w[TotallLength] == 0, Free, phi' [TotalLength]

n
1
o

::0,

0, s,
== 0],'

solution = DSolve|[{eqnl, eqn2, eqn3, eqn4, egn5, eqné},

{phi[x], w[x]}, {x, 0, TotalLength}];
nonscalephi [x_] := Evaluate [solution[[1]][[1]

1002111

nonscalew [x_] := Evaluate [solution[[1]][[2]][[2]1]];
maxpos = MaxValue [ {nonscalew [x], 0 < x < TotalLength}, x];

w[x_] := nonscalew [x] TotalLength / maxpos;

phi[x_] := nonscalephi [x] TotalLength / maxpos;

Return[{w[x], phi[x]}]1];

StaticTimoshenkoDeformation [w_, phi_, TotallLength_,

Emod_, Tarea_, k_, area_, Gmod_] := Module([{},

Clear [moment, shear, slope, radius, crosssection,

graphcircle, graphsections];

moment [x_] := Emod Iarea phi'[x];

shear [x_] := karea Gmod (w' [x] -phi[x])
slope[x_] :=w'[x];

radius[x_] := 1/ moment [x];

crosssection [rbx_, cbx_, information_, lbx_]
If[rbx < cbx && rbx > 1bx,

Return[line[information[[1]], information[[2]],

information[[3]], information[[4]]]]1, {}
graphcircle [n_, cpos_, constant_, lbx_, const
Module [{sep, sections, i},
sections = 0 Range[n+1];
sep = TotalLength / n;
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For[i=1,i<n+1l, i++,
Module [ {xpos, information},
xpos = (i-1) sep+0.01;
information = {{xpos, constant w[xpos]},
constant constant2 radius [xpos],
constant slope[xpos]};
sections [[1i]] = circlesection [xpos, cpos[[1]],
information, 1lbx]]]:;
Return [sections]];
graphsections [n_, cbx_, 1lbx_, constant_] :=
Module [{sep, sections, i},
sections = 0 Range[n+1];
sep = TotalLength / n;
For[i=1, i<=n+1, i++,
Module [{information, xpos},
xpos = (i-1) sep;
information = {Tan[Pi / 2 + constant phi[xpos] +0.01],
Xxpos, constant w[xpos], TotallLength};
sections [[i]] = crosssection [xpos, cbx,
information, 1lbx]]]:;
Return [sections]];
Manipulate [Show [
Plot[bw[x], {x, 1, u},
PlotRange - {{-TotalLength /5, TotalLength 6/5},
{-TotallLength 6 /5, TotalLength 6 /5}},
AxesLabel -» {"x", "w[x]"}],
If[section, line[Tan[Pi /2 +bphi[u]], u, bw[u],
TotallLength], Plot[O, {x, O, 0.01}]],
If[osc, circle[{u, bw[u]}, bmagnify2 radius[u],
b slope[u]], Plot[0O, {x, O, 0.01}]],
If[section, graphsections [number, u, 1, b], {}],
If[osc, graphcircle [number, {u, bw[u]}, b, 1,
magnify2], {}11,
{u, TotalLength -0.01, 0.01}, {section, {True, False}},
{osc, {True, False}}, {1, 0, u-0.01},
{magnify2, 1, 1000}, {b, 1, 0.01}, {number, 5}]11];

Mathematica_Paper_4.nb 5/5/17 The Mathematica Journal volume:issue © year Wolfram Media, Inc.



20 Author(s)

_6L
Figure 8 Example of a statically deformed pin-pinned Timoshenko beam under a sinu-
soidally varying traction force. Beam properties are as follows:
Emod: 1000 Pa  Tarea: 5 m* TLength: 5m  Gmod: 100 Pa  area: 4 m*> k=5/6
LSupport: Simple  RSupport: Simple  t: Sin[rx] b=0
The simple end conditions enforce w = M = 0 at both ends.

O Free Vibrations

To solve for the free vibrations of the beam, we set f = 0 and m = 0 for all values of space
and time. Assuming synchronous behavior of w and @, we may apply separation of vari-

ables:

wix, 1) = W(x) Q1) , alx, 1) = ©(x) Q). (53)
Substituting assumption (53) into the equations of motion (51), we obtain

W" _ @l - W - ,

0-0'0 Q ) (54)

s(Q"O+W'Q-0Q) = ¢Q.

Let &° be the (non-dimensional) constant for which g =—&?, where
2
6w |PE (55)

kG

and w is a natural frequency for the system. From this point forth, we will drop the hat for
convenience, though the following equations are indeed non-dimensional. Noting that, we
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also obtain from equation (54) a set of ordinary differential equations for the mode shapes

1 0\(w” 0 —1\(wW w0 w 0
(o se)la <5 0 ) ) (o)-(0) o
0 SY (O s 0 P 0 a)2 -5 () 0
The solution for Q(t) can be expressed as,

O(t) = B cos(wt+ @) (57)

as

where B and ¢ are constants. If we let the beam be initially at rest, then ¢ = 0. We shall as-
sume this choice of initial time in the sequel.
The coupled ordinary differential equations (56) may be decoupled as

W W Wy (0
SX[@""]+ X +1)w2(®” )+(w2_s)‘”2(<1>) - (0) (58)
We assume a solution of the form
w AY o
(@)_(B)e ' (59)

Equation (56) yields the following:

1
w4+ (—+ l)wz W'"+|—————|W =0,
Y X
(60)
wZ
1 2 (T B 1) W’
O" 4+ | —+1|w d"+ ®=0
Y X
We define:
1 +sy
Br=——,
sY
2 61)
W —s
By =
Y
to make our forthcoming algebraic results more compact.
To solve for the eigenfrequencies, there are three cases to consider:
Case I w? <s,
Case [l w? =s,
Case III w? >s.
For Cases I and II, we can assume solutions of the form
4 4
W) = ) 4™, o) = Y B, (62)
i=1 i=1
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and solve for r;:

1 B,
o= w - = -—— ,rp=-r,
1 ) ) 1 w2 2 1
(63)
_ —Bi 1 2 45
N Y Bl_?am—_’@

For Case 111, all of the 7; are purely imaginary. In contrast, for Case I, r| , are purely imagi-
nary and r3 4 are real. Case Il is the transition between the distinct spectra of the other two
cases. The constants 4;,34 and B ;34 are not independent. Indeed, substituting the ex-
pressions (62) into the first of (56), we find that
1
Bi=—(r-w’)4;,(i=1,2,3,4 (64)
Ti
When r; are complex, then it will prove convenient to substitute trigonometric functions
for exponential functions in (62).

For Case II, w” = s. The general solutions to (56) for this case are

W) = Crcos(y B s %)+ Gy sin(\/ﬂlis x)+Cx+ G,

(65)
®(x) = D, cos(1/,81 s x) +D, sin(w/ By s x) +Dyx+ Dy
Substituting the expressions (65) into the first of (56), we find that
1
Dl :(ﬁ1S+S) - CQ,
Bis
1 (66)
Dy==(B1s+s) | — Cy,
Bis
D3 =S C45
C3 =0.

As discussed in [?] ADD REFERENCE, the presence of modes of this type depend on the
boundary conditions and are only possible in beams whose material and geometric proper-

ties satisfy a very restrictive set of conditions. We leave it as an interesting exercise to com-
ow

pute the shear deformation -

tions (66).

a corresponding to the mode shape (65) with the rela-
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o Frequency Equation

It remains to compute the natural frequencies w for the modes for Case I and III. To do
this we need four independent boundary conditions. These conditions are then used to
form two equations of the following form:

mpyp Mjyy Mz My 4, 0
myy my My3 myy || A2 0
= «— Mx = 0. 67)
m3; m3y mz3 myy || A; 0
Mgy Mypy My3 Mgy A4 0

For a non-trivial solution the determinant of the matrix M must be zero. This yields a fre-
quency equation for w:

det(M) = 0. (68)

As with the Euler-Bernoulli beam, the resulting null vector of M yields provides three of
the four constants 4;. To uniquely determine the set of coefficients we enforce an orthonor-
mality condition of modes that shall be explained in a coming section. However, the gener-
ation of the frequency equation is an important interim step.

Additionally, to see if a particular beam can support a Case Il mode the previous
analysis is modified. Again we examine the boundary conditions and formulate a matrix
equation: It is convenient to formulate a matrix equation using the four boundary
conditions.

C11 C12 €13 Ci4 D,
cy1 € C3 cy || D2

«—Cx =0 69
€31 €3 033 C34 || Ds (69)

|
o o o o

C41 C4n C43 Ca4 )\ Dy

For a non-trivial solution the determinant of the matrix C must be zero. This yields an equa-
tion that must be satisfied by the material and geometric properties of the beam,

det(C) = 0. (70)

The resulting null-vectors of M provides three of the D; in terms of a fourth which can be
identified by a subsequent orthonormality condition. To better highlight how the non-di-
mensional values affect the solutions for the possible eigenfrequencies we developed a
function to plot the contours of the 3D frequency equation as seen in Figure 9

23
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ContourPlotVisualization [s_, x_, equation_] := Module[{},
Clear[fix];
f = equation;
fix = {s, x};
Which [
fix[[1]] =0,
temp = ContourPlot [f[z, s, fix[[2]]] =0, {z, O, 10},
{s, 0, 10}, PlotRange -» All],
fix[[2]] =0,

temp = ContourPlot [f[z, fix[[1]], g] ==0, {z, O, 10},
{g, 0, 10}, PlotRange - All]];
Return [temp]
1;
timcrosssection [pos_, angle_] := Module[{linel},

linel =
Line[{{pos[[1]] - 0.2 Sin[angle],
pos[[2]] -0.2 Cos[angle]},
{pos[[1]] +0.2 Sin[angle],
pos[[2]] +0.2 Cos[angle]}}];
Return[linel]];
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Figure 9. Example of the contour plot for the frequency equation for varying values of
z = w? (x-axis) and y (y-axis) for a vibrating, hinged-clamped Timoshenko beam. Note
the multiple solutions for a given y helps to highlight the multiple modes of vibration for a
given beam.

o Orthogonality of Modes

At this point, were we to solve for the composite shape of the vibrating beam, we would
first solve the Matrix Equation highlighted at the inception of the Frequency Equation sec-
tion. Doing so would yield the span of a coefficient, null-vector, i.e. [ 4, 4, A3 Ay |7
wherein we could backtrack to solve for the form of either ® or W and identify the specific
coefficients with equations provided by initial conditions. However, in doing so, we are
not guaranteed that the over-arching deformation is a simple composite of the various
mode shapes; although, were we to enforce the orthogonality of the various mode shapes,
we would. Consequently, we define the following operators L, and L, as,
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1 0
L= [ )1 ] 1)
s
_& 9
2
L2 = [ 6;6 ox - ]’ (72)
ax ax?

such that the following equation adequately represents equation 51 where f and m are set
to 0:

w
w2L1g=ng,g=(a). (73)

Furthermore, we would prefer for the operators to be self-adjoint, as that would result in
distinct and orthogonal eigenpairs for each operator, vis a vis Hermitian operators. Note
that L; as written is already self-adjoint and consequently not reproduced here; for L,

however:
<Lygn) g > = <Ly (€)]gn >, (74)
1
f g’ Lo(gm) — gn' Lo"(gn) dx =0, (75)
0
1
(wn” = w,?) fgnTLl(gm)dX = 0. (76)

0

Given that each w; that are solutions to the frequency equation are distinct, in order for
equation 75 to be valid the corresponding integral must equal 0 for m # n and some con-
stant ¢ for m = n. We subsequently normalize that constant ¢ = 1 for convenience thus re-
sulting in the Kronecker delta in the equation below,

1

f n' L1(gm) dX = Spun. (77)

0
Equation 76 highlights both the orthogonality of the modes as well as the normalization
condition applied to them. Thereby enforcing that any over-arching deformation is a sim-
ple composite of each mode-shape. Displaying the function here however would unneces-
sarily lengthen the paper; although, all functions shall be displayed in the Appendix and la-
beled appropriately.
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Figure 10. A vibrating Timoshenko beam with Simple end conditions. The first and third
modes of vibration are shown above and the cross-sections are scaled appropriately. Note
that for the non-dimensional values we used:

s=100 x =300

Furthermore, the simple end conditions enforce that w = M =0 at the ends of the beam.

B Energy Analysis

For a given initial-value problem, it is interesting to compute how the number of modes
used captures the initial energy of the deformed beam. To quantify the energy captured we
need to discuss the energetics of the beam. We will discuss the Timoshenko beam as it
readily reduces to the energetics of the Euler-Bernoulli beam.

The kinetic energy of the Timoshenko beam of length ¢ is given in dimensioned
form by,

{
r 1fA(aw)2+ I(aa)zd
== -— — | dx.
2 J PN s ) TP e (78)
0

The elastic potential energy of the beam is composed of the bending energy and the shear-
ing energy,

{

U leI(aa)zﬂcGA(aw )2d

=— — — —a| dx

2 ox ox (79)
0

The total energy Efor the Timoshenko beam is,
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Er=T+U. (80)
The dimensionless version of this energy is,
1
Er 1 ((owy 1 (0a) o\ (Ow 2
[ R R S
kGAY 2 ot s \ 0t 0x 0x
0
The corresponding energy for a Bernoulli-Euler beam is,
{
E 1fA(aW)2+EI Pu) 2
== — — | dx.
BE = 5 [ PAL G, P (82)
0
The dimensionless version of this expression is,
1
EBE 1 ow 2 82w 2
— == [|—| +|—| d&x (83)
El 2 ot dx?
0
For the free vibration of a beam, the energy remains constant. Hence, by comparing the ini-
tial energy to the energy captured by the finite number of modes used to model the vibra-
tion, a measure of the accuracy of the modal approximation can be obtained.
B Appendix

o A: Static Bernoulli-Euler Code

For graphing the static centerline deformation of a Bernoulli-Euler beam

StaticEulercenterline [Emod_,Iarea_,TotalLength_,Lsupport_,6 Rsupj

Clear [position,w,q,eqnl,eqn2,eqn3,eqnd4,6eqn5,solution] ;

g=t+b;

eqnl= w''''[x]== gq/ (Emod Iarea);

eqn2= Switch[Lsupport, Fix,
egn3= Switch [Lsupport,Fix,
eqné4= Switch [Rsupport, Fix,
egqn5= Switch[Rsupport, Fix,

w[0]==0,S, w[0]==0,Free, w''[0]=:0];

w'[0]==0,S, w''[0]==0,Free, w'''[0]=
w[TotallLength]==0,S, w[TotalLength]=
w' [TotallLength]==0,S, w''[TotallLengt

solution =DSolve [{egnl,eqgn2,eqn3,eqn4d,eqn5},w[x], {x,0,TotalLen
position [x_] :=Evaluate [solution [[1]][[1]]1[[2]11]"

Return [position]]

For outputting the various graphs:
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StaticEulerGraphs [position_ ,TotalLength_]:=Module[{},

Clear [graphl , graph2 ,graph3,6graph4 ,graph5] ;

graphl=Plot [position [x], {x,0,TotallLength} ,AxesLabel »{"x", "posi
graph2=Plot [position' [x], {x,0,TotallLength} , AxesLabel-»{"x",6 "Slo
graph3=Plot[ArcTan [position' [x]],{x,0,TotalLength},h AxesLabel - {
graph4=Plot [position''[x], {x,0,TotallLength} , AxesLabel-»{"x",6 "mo
graph5=Plot[-position'''[x], {x,0,TotalLength},6 AxesLabel-»{"x",6"
Return [ {graphl ,graph2,graph3,graph4 ,graph5}]]

For displaying the centerline with cross-sections

StaticEulerSections [position_,TLength_] :=Module[{},

Clear [newposition ,h slope, shear ,moment ,h radius, theta,crosssection
newposition [x_] :=position [x];

slope [x_] :=newposition' [x];

shear [x_]:=position''' [x];

moment [x_] :=position'' [x];

radius [x_]:=(1/newposition''[x])/5;

theta[x_] :=ArcTan [newposition' [x]];

crosssection [varl_,var2_,var3_,constant_,TotallLength_,newposit
Graphics [Line [ {{var2+Sin[constant theta[var2]] TotalLength /10,
{var2-Sin[constant theta[var2]] TotalLength/10,constant newpos!:
graphing [varl_,n_,place_,constant_,TotalLength_,newposition_,t
sep=TotalLength/n;
For[i=1l,i<=n+1l,i++,sections[[i]]=crosssection [varl, (i-1) sep,p
Return [sections]];

Return [Manipulate [Show [

Plot[b newposition [x],{x,1,u+0.01},PlotRange-{{0,TLength}, {-c,
If[line,Graphics [Line[{{u+ Sin[b theta[u]] TLength/10,b newpos
{u-Sin[b theta[u]] TLength/10,b newposition [u]+Cos[b theta[u]]
If[line,graphing[u,number,1l,b,TLength  newposition, theta],h Plot]|
{u,0.01,TLength-0.01},Item["u-sets RHS x-axis graph limit", Ali
Item["1l sets the LHS x-axis graph limit",Alignment-Left], {b,10
Item["b magnifies the graph and all associated material (cross
{c,TLength} ,Item["c sets the pos/neg values on the y-axis" , Ali«
{line, {True , False}},Item["Line switches the cross-sections on/
Item["number sets the number of cross-sections the program wil

For displaying the Varying Internal Shear and Moment Loads within the beam
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StaticEulerShear [position_,TotalLength_]:=Module[{},

Clear [upperboundshear , lowerboundshear ,maxshear , upperboundmomenf
shear [x_]:=position''' [x];

moment [x_] :=position'' [x];
upperboundshear =MaxValue [ {shear [x] ,0<x<TotalLength}, x];
lowerboundshear =MinValue [ {shear [x] ,0<x<Totallength}, x] ;
maxshear =If [Abs [upperboundshear ] >=Abs [lowerboundshear ] ,upperbo
upperboundmoment =MaxValue [ {moment [x] ,0<x<TotalLength},hx];
lowerboundmoment =MinValue [ {moment [x] ,0<x<TotalLength}, x] ;
maxmoment =If [Abs [upperboundmoment ] 2Abs [lowerboundmoment ] , upper
Manipulate [Show [

Plot [0, {x,0,u},PlotRange—»{{0,1.5},{-1.5,1.5}},AxesLabel»>{"x","'
Graphics [Arrow[{{u,-1 shear[u] /maxshear},{u,l shear[u] /maxshea
Graphics [Arrow [ {{u,-1lmoment [u] /maxmoment}, {u-0.1,-1moment [u] /m
Graphics [Circle[{u,0},Abs [moment [u] /maxmoment] , {-Pi/2,Pi/2}]]]
{u,0.01,1} ,Item["u denotes the RHS graphing limit"]]];

o Vibrational Bernoulli-Euler Code

For identifying the vibration of the Bernoulli-Euler centerline
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VibEulerCenterline [type_,mode_] :=Module[{},

Clear [modetype ,val,P,Q,R,S,6 FreeFreeeq, FixedFixedeq , FixedFreeeq
position ,h omega, FreeFreeroots ,FixedFixedroots ,FixedFreeroots , Fi:
FreeFreeroots={0,4.73004,7.85320,10.9956,14.1372, 17.2788,20.4
FixedFixedroots ={4.73004,7.85320,10.9956,14.1372, 17.2788,20.4
FixedFreeroots = {1.8751, 4.6409, 7.85476,10.9955,14.1372,17.2
FixedPinnedroots ={3.92660,7.06858,10.212,13.3518,16.4934,19.63
PinnedPinnedroots ={1%Pi,2%Pi,3%Pi,4%Pi , 5%Pi, 6%Pi,7%xPi, 8%Pi,h 9P
modetype =Switch [type ,FreeFree , FreeFreeroots , FixedFixed 6 FixedF
FixedPinned , FixedPinnedroots ,PinnedPinned ,PinnedPinnedroots ] ;
val=modetype [ [mode]] ;

P[x_]:=Cosh[val x]+Cos[val x];

Q[x_]:=Cosh[val x]-Cos[val x];

R[x_]:=Sinh[val x]+Sin[val x];

S[x_]:=Sinh[val x]-Sin[val x];

FreeFreeeq [x_]:=P[x]-(Q[1]/S[1]) R[x];

FixedFixedeq [x_]:=Q[x]-(Q[1]/S[1]) S[x]:

FixedFreeeq [x_]:=Q[x]-(S[1]/P[1]) S[x]:;

FixedPinnedeq [x_]:=Q[x]-(Q[1]/S[1]) S[x];

PinnedPinnedeq [x_]:=Sin[val x];

position [x_] :=Switch[type, FreeFree , FreeFreeeq [x] , FixedFixed , Fi
FixedPinned , FixedPinnedeq [x] ,PinnedPinned ,PinnedPinnedeq [x]];
omega=5;

Return [position]];

For visualizing the vibration of the centerline

VibEulerVisualization [position_] :=Module[{},
Manipulate [Plot[Cos[omega t] position[x],{x,0.01,1},PlotRange-
{t,0,2 Pi/ (b omega)},{b,1,1/omega}l]];

For understanding the complete nature of the deformation of the Bernoulli-Euler center-

line (replete with slope, moments, shears, etc)

Mathematica_Paper_4.nb 5/5/17 The Mathematica Journal volume:issue © year Wolfram Media, Inc.



32 Author(s)

VibEulerDeformation [position_] :=Module[{},

Clear [theta, radius,slope,moment,h shear, TotalLength] ;
slope[x_]:=position’' [x];

moment [x_] :=position''[x];

shear [x_] :=position'''[x];

radius [x_] :=1/moment [x] ;

theta[x_] :=ArcTan [slope[x]]

TotallLength=1;

crosssection [varl_,var2_,var3_,constant_]:=If[varlzvar2é&&var2z2
Graphics [Line [ {{var2+Sin[constant theta[var2]] TotalLength /10,
{var2-Sin[constant theta[var2]] TotalLength/10,constant positi¢
graphing [varl_,n_,place_,constant_]:=Module [{sep,sections}, sec
sep=TotalLength/n;
For[i=1l,i<=n+1l,i++,sections[[i]]=crosssection [varl, (i-1) sep,p
Return [sections]];

Manipulate [Show [

Plot[b position[x],{x,1,u+0.01},PlotRange—-{{-TotallLength/5,2Tc
AxesLabel-»>{"x",6 "scaled position (z)"}],

If[circ,Graphics [Circle[{u+Sin[theta[b u]] b radius[u],b posit
If[line,Graphics [Line[{{u+ Sin[theta[b u]]0.1 ,b position [u]-
{u-Sin[theta[b u]] 0.1,b position[u]+Cos[theta[b u]] 0.1}}]],P
If[line,graphing [u,number,l,b] ,Plot[0,{x,0,0.01}]11]1],
{u,0.01,Totallength-0.01}, {circ, {True,False}}, {line, {True, Fals

For identifying the Bernoulli-Euler beam’s internal shear and moment

The Mathematica Journal volume:issue © year Wolfram Media, Inc. Mathematica_Paper_4.nb 5/5/17



Article Title

33

StaticTimoshenkoCenterline [Emod_,Gmod_,area_,k_,Iarea_, TotalLe:
Clear [w,nonscalew, phi, nonscalephi , eqnl,eqn2,eqn3,eqn4,eqn5,e
qg[x_] :=Evaluate [t+Db] ;

egqnl= phi'[x]=w''[x]+q[x]/(k area Gmod) ;

egn2= phi''[x]==k area Gmod/ (Emod Iarea) (phi[x]-w'[x])

egqn3= Switch [Lsupport ,Fix,phi[0]==0,S,phi'[0]==0,Free,phi[0]==w'
eqné4= Switch [Rsupport ,h Fix,phi[TotalLength]=:0,S,phi' [TotalLengt
egn5= Switch [Lsupport ,Fix,w[0]==0,S,w[0]==0,Free,phi'[0]==0];
eqn6= Switch [Rsupport,Fix,w[TotalLength]=:0,S,w[TotalLength]=:=0
solution=DSolve [ {egnl,heqn2,eqn3,eqn4,eqn5,eqné6}, {phi[x] ,w[x]},
nonscalephi [x_] :=Evaluate [solution [[1]][[1]1]1[[2]1]"

nonscalew [x_] :=Evaluate [solution [[1]][[2]][[2]]1];

maxpos =MaxValue [ {nonscalew [x] ,0<x<TotalLength}, x];

w[x_] :=nonscalew [x] TotalLength /maxpos;

phi [x_] :=nonscalephi [x] TotalLength /maxpos;

Return[{w[x], phi[x]}]]:

o Static Timoshenko Section

For constructing the static centerline after deformation

StaticTimoshenkoCenterline [Emod_,Gmod_,area_,k_,Iarea_, TotalLe:
Clear [w,nonscalew, phi, nonscalephi ,h eqnl,eqn2,eqn3,eqn4,eqn5,e
qg[x_] :=Evaluate [t+b] ;

eqnl= phi'[x]=w''[x]+gq[x]/(k area Gmod) ;

egqn2= phi''|[x]==k area Gmod/ (Emod Iarea) (phi[x]-w'[x]);

eqn3= Switch [Lsupport ,Fix,phi[0]==0,S,phi'[0]=:0,Free,phi[0]==w"
eqnd4= Switch [Rsupport, Fix,phi[TotallLength]=:0,S,phi' [TotallLengt
egn5= Switch [Lsupport , Fix,w[0]==0,S,w[0]==0,Free,phi'[0]==0];
egqn6= Switch [Rsupport , Fix,w[TotallLength]==0,S,w[TotalLength]==0
solution=DSolve [ {eqnl,eqn2,eqn3,eqnd ,eqn5,eqné6}, {phi[x] ,w[x]},
nonscalephi [x_] :=Evaluate [solution[[1]][[1]]1[[2]]11"~

nonscalew [x_] :=Evaluate [solution[[1]][[2]]1[[2]]11]1"
maxpos=MaxValue [ {nonscalew [x] ,0<x<TotalLength}, x] ;
w[x_]:=nonscalew [x] TotalLength /maxpos ;

phi[x_] :=nonscalephi [x] TotalLength /maxpos;

Return[{w[x], phi[x]}]]:’

For portraying the beam’s internal shear and moment, amongst others for a static beam.
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StaticTimoshenkoGraphs [w_,phi_,TotallLength_ ,Emod_,Iarea_,k_,ar:
Clear [moment , shear,slope,radius];

moment [x_] :=Emod Iarea phi' [x];

shear[x_]:= k area Gmod (w'([x]-phi[x])

slope[x_]:=w'[x];

radius [x_] :=1/moment [X] ;
graphl=Plot[w[x], {x,0,TotalLength },PlotRange—-»All, AxesLabel »{"z
graph2=Plot [phi[x], {x,0,TotalLength},PlotRange-»2All, AxesLabel - {
graph3=Plot [moment [x] , {x,0,TotalLength } ,PlotRange-»All ,h AxesLabe
graph4=Plot [shear [x], {x,0,TotalLength } ,PlotRange—-All,6 AxesLabel
graph5=Plot[slope [x], {x,0,TotalLength} ,PlotRange—»All , AxesLabel
graph6=Plot [radius [x], {x,0,TotalLength} ,PlotRange—-»All, AxesLabe
Return [ {graphl ,graph2 ,graph3,graph4 ,graph5,graph6}]];

For portraying the deformation of the beam.
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StaticTimoshenkoDeformation [w_,phi_,TotalLength_ ,Emod_, Iarea_,!
Clear [moment , shear,slope,radius, crosssection  graphcircle, graph
moment [x_] :=Emod Iarea phi' [x];

shear[x_]:= k area Gmod (w'([x]-phi[x])

slope[x_]:=w'[x];

radius [x_] :=1/moment [X] ;

crosssection [rbx_,cbx_,information_ ,lbx_]:=If[rbx<cbx&& rbx>1b
information[[2]],information [[3]],information[[4]]11]1,{}]:;
graphcircle [n_,cpos_,constant_,lbx_,constant2_]:=Module|[{sep,s
sections=0 Range[n+l];

sep=TotalLength/n;

For[i=1,is<n+1,i++,

Module [ {xpos ,information},

xpos=(i-1) sep+0.01;

information={{xpos,constant w[xpos]},constant constant2 radius
sections [[i] ]=circlesection [xpos,cpos[[1l]],information ,hlbx]]];
Return [sections]];

graphsections [n_,cbx_,1lbx_,constant_] :=Module[{sep,sections i}
sections=0 Range[n+l];

sep=TotalLength /n;

For[i=1,i<=n+1,i++,

Module [ {information , xpos},

xpos=(i-1) sep;

information={Tan[Pi/2+constant phi[xpos]+0.01],xpos,constant w
sections [[i] ] =crosssection [xpos,cbx,information ,hlbx]]];

Return [sections]];

Manipulate [Show [

Plot[b w[x],{x,1,u},PlotRange—»{{-TotalLength/5,TotalLength 6/E£
If[section,line[Tan[Pi/2+b phi[u]],u,b w[u],6 TotalLength],h Plot][
If[osc,circle[{u,b w[u]},b magnify2 radius[u],b slope[u]],Plot
If[section,graphsections [number,u,1l,b], {}],
If[osc,graphcircle [number, {u,b w[u]},b,1,magnify2],{}]],
{u,TotalLength-0.01,0.01}, {section, {True, False}}, {osc, {True, Fa

For identifying the internal shear and moment of the beam (and displaying it on a graph).
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StaticTimoshenkoShear [w_,phi_,TotalLength_ ,Emod_, Iarea_,k_, are:
Clear [upperboundshear , lowerboundshear ,maxshear , upperboundmomenf
moment [x_] :=Emod Iarea phi' [x];

shear[x_]:= k area Gmod (w'([x]-phi[x])
upperboundshear =MaxValue [ {shear [x] ,0<x<TotalLength}, x];
lowerboundshear =MinValue [ {shear [x] ,0<x<Totallength}, x] ;
maxshear =If [Abs [upperboundshear ] >=Abs [lowerboundshear ] ,upperbo
upperboundmoment =MaxValue [ {moment [x] ,0<x<TotalLength},hx];
lowerboundmoment =MinValue [ {moment [x] ,0<x<TotalLength}, x] ;
maxmoment =If [Abs [upperboundmoment ] 2Abs [lowerboundmoment ] , upper
Manipulate [Show [

Plot [0, {x,0,u},PlotRange—»{{-TotalLength/5,TotallLength}, {-1.5,1
Graphics [Arrow[{{u,-1 shear[u] /maxshear},{u,l shear[u] /maxshea
Graphics [Arrow [ {{u,-1lmoment [u] /maxmoment}, {u-0.1,-1moment [u] /m
Graphics [Circle[{u,0},Abs [moment [u] /maxmoment] , {-Pi/2,Pi/2}]]]
{u,0.01,TotallLength-0.01}]11];

o Vibrational Timoshenko Section

For visualizing the contour plots (relative to the aforementioned non-dimensional values)

ContourPlotVisualization [s_, x_,equation_]:=Module[{},
Clear[fix];

f=equation;

fix={s,x}:;

Which [

fix[[1]]==0, temp=ContourPlot [f[z,s,fix[[2]]]=0,{z,-10,10}, {s, -:
fix[[2]]==0, temp=ContourPlot [f[z, fix[[1]],x]==0,{z,-10,10},{x, -
Return [temp]

1;

timcrosssection [pos_,angle_] :=Module[{linel},
linel=Line[{{pos[[1]]-0.2 Sin[angle] ,pos[[2]]-0.2 Cos[angle]},
Return[linel]];

For identifying the complete vibration of the beam.

TimoshenkoVibrationVisualization [s_,x_,temp_,equation_ ,modes_]

f=equation;
roots=omegafinder [s, x,£];
placeholder =Range [Length [modes]] ;
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For[i=1l,i< Length[modes],i++,placeholder [[i]]={}]"’
repetition[constant_]:=Module[{},

z=Abs[roots [[constant]]];

1
Bi= +1;

z , 4 B ]
b= - _/31+ Bl - ’
\ 2 z
—a2) a
B, = (Z a ) 2 ,
a
2_z) a
B,= (a Z) il ,
a
b?) A
5, \2tP%) B0
b
b?) A
g, \2tD%) Bs
b

w[x_]:=A;Sin[a x]+A;Cos[a x]+A3Sinh[b x]+A;Cosh[b x];
phi[x_]:=B;Sin[a x]+B,Cos[a x]+B3Sinh[b x]+B4sCosh[b x];
(*Identifying the current omega? value that we are considering
conditions=Switch [temp,

HH, {w[0]==0,phi'[0]==0,w[1]==0},

HC ,{w[0]==0,phi'[0]==0,w[1]==0},
CC,{w[0]==0,w'[0]==0,w[1]==0},
CF,{w[0]==0,w'[0]==0,phi'[1]==0},

FF, {phi'[0]==0,w'[0]+phi[0]==0,phi"'[1]=:=0}]; (*=*)
egqnl=conditions [[1]];

eqgn2=conditions [[2]];

egqn3=conditions [[3]];

phi [x]?

eqn4=Integrate[z wx]?-z ,{x,0,1}]=1;

solution=Solve [egqnl &&eqn2&&eqn3&&eqnd, {A; A, ,A3,A,}];
setl={Re[solution[[1]][[1]]1[[2]]] ,Re[solution[[1]][[2]1]([[2]1],
set2={Re[solution[[2]][[1]]1[[2]]],Re[solution[[2]][[2]1]1[[2]11],
test=Abs[setl];
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cellindex=Position [test Max[test]];
index=cellindex [[1]][[1]]:;
If[setl[[index]]==test[[index]],6 coeff=setl, coeff=set2];

(z-a?) coeff[[2]]
6= g

a

(a2-z) coeff[[1]]
€= a ’

(z+b?) coeff[[4]]
¢_ b 4

(z+b?) coeff[[3]]
77— b r
tempw([x_,t_]:= Cos[Abs[Sqrt[z]] t] (coeff[[1l]] Sin[a x]+coeff]
tempphi [x_,t_]:= Cos[Abs[Sqrt[z]] t] (6 Sin[a x]+e Cos[a x]+¢

Return[{{tempw[x,t]},
{tempphi[x,t]}}]];placeholder[[1]]=repetition[modes[[l]]];

If [Length [modes]>1,For[i=2,i<Length[modes],i++,placeholder [[i]
temporaryl =placeholder [ [Length [modes]]1][[1]1]1[[1]]~

temporary2 =placeholder [ [Length[modes]]]1[[2]]1[[1]]"
Q[x_,t_]:=Evaluate [temporaryl];

T[x_,t_]:=Evaluate [temporary2];

Manipulate [Module[{},

graphl=Plot[Q[x,t], {x,0,1},PlotRange—»{{0,1.5},{-0.5,0.5}},Axes
linel=timcrosssection [{0,Q[0,t]},mag &[0,t]];
line2=timcrosssection [{0.2,Q[0.2,t]},mag T[0.2,t]];
line3=timcrosssection [{0.4,Q[0.4,t]} ,mag ©[0.4,t]];
lined4=timcrosssection [{0.6,Q[0.6,t]},mag T[0.6,t]];
line5=timcrosssection [{0.8,Q[0.8,t]} , mag [0.8,t]];
line6=timcrosssection [{1,Q[1,t]},mag T[1,t]];

Show [graphl ,Graphics [{linel,line2,1line3,line4,1line5,1ine6}]]

1

,{t,0,16 Pi}, {mag,1}]

|

B Demonstration

MultiRootFinder [function_, number_, increment_] :=

Module [ {rootset, root, roundedrootset , roundedroot,
step, rootnumber, value},
value = FindRoot [function[a], {a, 0.01}];
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roundedroot = Round [root 1000] ;

rootset = {};
roundedrootset = {};

rootset = Append [rootset, root];

roundedrootset = Append [roundedrootset, roundedroot];

step =1;
rootnumber =1;

While [rootnumber < number, Module[{},

value = FindRoot [function[a], {a, step increment +1}];
root =value[[1]][[2]]"

roundedroot = Round [root 1000] /1000
If [MemberQ [roundedrootset, roundedroot] ||
roundedroot <1, {},

Module [{}, roundedrootset =

Append [roundedrootset , roundedroot];

rootset = Append [rootset, root]];];

step +=1;

rootnumber = Length [rootset]]];
rootset = Sort[rootset];

Return [rootset]];

omegafinder [s_, x_, function_] := Module[{roots, temp},
temp [beta_] := function[beta, s, x]-;
roots = MultiRootFinder [temp, 10, 0.5];

If[roots[[1]] <1,

roots = Part[roots, 2 ;; Length[roots]];];
roots = DeleteDuplicates [roots];

Return [roots]];

StaticEulercenterline [Emod_, Iarea_, TotallLength_,
Lsupport_, Rsupport_, t_, b_] := Module[{},
Clear[position, w, q, egqnl, eqn2, eqgqn3, eqn4, eqn5,

solution];
q =t+ b,'

eqnl = w''''[x] == q/ (Emod Iarea)
eqn2 = Switch[Lsupport, Fix, w[0] ==0, S, w[0] == 0,

Free, w''[0] ==0];

eqn3 = Switch[Lsupport, Fix, w'[0] =0, S, w''[0] =0,

Free, w'''[0] ==0];

eqgn4 = Switch[Rsupport, Fix, w[TotalLength] =0,

S, w[TotallLength] ==

0,

Free, w''[TotalLength] ==0];

eqgn5 = Switch[Rsupport, Fix, w' [TotallLength] =0,
S, w''[TotalLength] == 0, Free,

w'''[TotalLength] ==

0];

solution = DSolve[{eqnl, eqn2, eqn3, eqn4, eqn5},
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w[x], {x, 0, TotallLength}];
position[x_] := Evaluate[solution[[1]][[1]1]1[[2]1]1];
Return [position]];
StaticEulerGraphs [position_, TotalLength_] := Module[{},
Clear [graphl, graph2, graph3, graph4, graph5];
graphl = Plot[position[x], {x, 0, TotalLength},
AxesLabel - {"x", "w[x]"}];
graph2 = Plot[position '[x], {x, 0, TotallLength},
AxesLabel -» {"x", "w'[x]"}]’
graph3 = Plot [ArcTan [position '[x]], {x, 0, TotalLength},
AxesLabel -» {"x", "6"}];
graph4 = Plot[position ''[x], {x, 0, TotallLength},
AxesLabel -» {"x", "M(x)"}];
graph5 = Plot[-position'''[x], {x, 0, TotallLength},
AxesLabel -» {"x", "V(x)"}];
Return [ {graphl, graph2, graph3, graph4, graph5}]];
StaticEulerSections [position_, TLength_] := Module[{},
Clear [newposition, slope, shear, moment, radius,
theta, crosssection, graphing];

newposition [x_] := position [x];
slope[x_] := newposition ' [x];
shear [x_] :=position'''[x];
moment [x_] := position''[x];

radius[x_] := (1 / newposition''[x]) /5;
theta[x_] := ArcTan [newposition '[x]];
crosssection [varl_, var2_, var3_, constant_,
TotalLength_, newposition_, theta_] :=
If[varl 2 var2 &&var2 2 var3,
Graphics [
Line [
{{var2 + Sin[constant theta[var2]] TotallLength / 10,
constant newposition [var2] -
Cos [constant theta[var2]] TotalLength / 10},
{var2 - Sin[constant theta[var2]] TotalLength /10,
constant newposition [var2] +
Cos[constant theta[var2]] TotallLength /10}}1],
{317
graphing [varl_, n_, place_, constant_, TotalLength_,
newposition_, theta_] :=
Module [{sep, sections}, sections = O Range[n+1];
sep = TotalLength / n;
For[i=1, i<=n+1, i++,
sections [[i]] = crosssection [varl, (i-1) sep,
place, constant, TotalLength, newposition, theta]]:
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Return [sections]];
Return [Manipulate [Show [
Plot[d newposition [x], {x, 1, u+0.01},
PlotRange -» {{0, TLength}, {-c, c}},
AxesLabel -» {"x", "w[x]"}],
If[line, Graphics [
Line[{{u+ Sin[b theta[u]] TLength /10,
b newposition [u] - Cos[b theta[u]] TLength / 10},
{u-Sin[b theta[u]] TLength /10,
b newposition [u] + Cos [b theta[u]] TLength /10}}]1],
Plot[O0, {x, 0, 1}11,
If[line, graphing [u, number, 1, b, TLength,
newposition, theta], Plot[O0, {x, 0, 1}111],
{u, 0.01, TLength -0.01},
Item["u-sets RHS x-axis graph limit",
Alignment - Left],
{1, 0.01, TLength -0.01},
Item["1l sets the LHS x-axis graph limit",
Alignment - Left],
{b, 10000},
Item][
"b magnifies all associated material i.e.
cross-sections", Alignment - Left],
{d, 100}, Item["d magnifies the graph",
Alignment - Left],
{c, TLength},
Item["c sets the pos/neg values on the y-axis",
Alignment - Left],
{number, 5},
Item|[
"number sets the number of cross-sections the
program will animate", Alignment - Left],
{line, {True, False}},
Item["Line switches the cross-sections on/off",
Alignment -» Left]]]];
StaticEulerShear [position_, TotalLength_] := Module[({},
Clear [upperboundshear , lowerboundshear , maxshear,
upperboundmoment , lowerboundmoment , maxmoment,

shear, moment] ;

shear[x_] := position'''[x];
moment [x_] := position''[x];
upperboundshear =

MaxValue [ {shear [x], 0 < x < TotalLength}, x];
lowerboundshear = MinValue [ {shear [x], 0 < x < TotalLength},
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x];
maxshear =
If[Abs [upperboundshear ] >= Abs[lowerboundshear ],
upperboundshear , lowerboundshear];
upperboundmoment =
MaxValue [ {moment [x], O < x < TotalLength}, x];
lowerboundmoment =
MinValue [ {moment [x], O < x < TotalLength}, x];
maxmoment =
If[Abs [upperboundmoment ] 2 Abs [lowerboundmoment ],
upperboundmoment , lowerboundmoment ] ;
Manipulate [Show [
Plot[O, {x, O, u}, PlotRange -» {{0, 1.5}, {-1.5, 1.5}},
AxesLabel -» {"x", "scaled magnitude"}],
Graphics [Arrow[{{u, -1 shear[u] /maxshear},
{u, 1 shear[u] /maxshear}}]],
Graphics [Arrow[{{u, -1 moment[u] / maxmoment},
{u-0.1, -1 moment[u] /maxmoment}}]],
Graphics [Circle[{u, 0}, Abs[moment [u] / maxmoment],
{-Pi/2, Pi/2}]11,
{u, 0.01, 1},
Item["u denotes the RHS graphing limit"]]];
VibEulerCenterline [type_, mode_] := Module[{},

Clear [modetype, val, P, Q, R, S, FreeFreeeq,
FixedFixedeq, FixedFreeeq, FixedPinnedeq,
PinnedPinnedeq, position, omega, FreeFreeroots,
FixedFixedroots , FixedFreeroots 6 FixedPinnedroots,
PinnedPinnedroots ] ;

FreeFreeroots = {0, 4.73004, 7.85320, 10.9956,
14.1372, 17.2788, 20.4204, 23.5619, 26.7035,
29.8451};

FixedFixedroots = {4.73004, 7.85320, 10.9956,
14.1372, 17.2788, 20.4204, 23.5619, 26.7035,
29.8451, 32.9867};

FixedFreeroots = {1.8751, 4.6409, 7.85476, 10.9955,
14.1372, 17.2788, 20.4204, 23.5619, 26.7035, 29.8451};

FixedPinnedroots = {3.92660, 7.06858, 10.212,
13.3518, 16.4934, 19.635, 22.7765, 25.9181,
29.0597, 32.2013};

PinnedPinnedroots = {1*Pi, 2+Pi, 3%xPi, 4%Pi,
5%*Pi, 6%xPi, 7*Pi, 8*Pi, 9+Pi, 10 xPi};

modetype = Switch[type, FreeFree, FreeFreeroots,
FixedFixed, FixedFixedroots ,h FixedFree,
FixedFreeroots , FixedPinned , FixedPinnedroots,
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PinnedPinned, PinnedPinnedroots];

val = modetype [ [mode] ] ;

Plx_] :
Q[x_] :
R[x_] :
S[x_] :

Cosh[val x] + Cos[val x];

Cosh[val x] - Cos[val x] ;

Sinh[val x] + Sin[val x] ;

Sinh[val x] - Sin[val x];
FreeFreeeq[x_] := P[x] - (Q[1] /S[1]) R[x];
FixedFixedeq [x_] :=Q[x] - (Q[1] /S[1]) S[x];
FixedFreeeq [x_] :=Q[x] - (S[1] /P[1]) S[x]:
FixedPinnedeq [x_] :=Q[x] - (Q[1] /S[1]) S[x];
PinnedPinnedeq [x_] := Sin[val x];

position[x_] := Switch[type, FreeFree, FreeFreeeq [x],

FixedFixed, FixedFixedeq [x], FixedFree,

FixedFreeeq [x] , FixedPinned, FixedPinnedeq [x],

PinnedPinned, PinnedPinnedeq [x]];

omega = 5;

Return [position]];

VibEulerVisualization [position_] := Module([{},

Manipulate [Plot [Cos [omega t] position[x], {x, 0.01, 1},
PlotRange -» {{0, 1.5}, {-1.5, 1.5}},
AxesLabel - {"x", "position[z]"}],
{t, 0, 2Pi/ (bomega)}, {b, 1, 1/omega}l]l];
VibEulerDeformation [position_] := Module[{},

Clear [theta, radius, slope, moment, shear, TotallLength];

slope[x_] := position'[x];

moment [x_] := position''[x];

shear[x_] :=

radius [x_]

theta[x_] :=
TotalLength =1;
crosssection [varl_, var2_, var3_, constant_] :=

position'''[x];

:= 1/ moment [x];

ArcTan [slope [x]];

If[varl 2 var2 &&var2 2 var3,

Graphics [

Line [
{{var2 + Sin[constant theta[var2]] TotallLength / 10,
constant position [var2] -

Cos [

constant theta[var2]] TotalLength / 10},

{var2 - Sin[constant theta[var2]] TotalLength / 10,
constant position [var2] +

{31;

Cos |

constant theta[var2]] TotalLength /10}}]],

graphing [varl_, n_, place_, constant_] :=

Module [{sep, sections}, sections = O Range[n+1];

sep = TotalLength / n;
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For[i=1, i<=n+1, i++,
sections [[i]] = crosssection [varl, (i-1) sep,
place, constant]];
Return [sections]];
Manipulate [Show [
Plot [b position[x], {x, 1, u+0.01},
PlotRange -» {{-TotalLength /5, 2 TotalLength},
{-2 TotallLength, 2 TotalLength}},
AxesLabel -» {"x", "w[x]"}],
If[circ,
Graphics [Circle[{u + Sin[theta[bu]] b radius [u],
b position[u] - Cos[theta[bu]] b radius[u]},
Abs[b radius[u]]]], Plot[0, {x, O, 0.01}]],
If[line,
Graphics [
Line[{{u+ Sin[theta[bu]] 0.1,
b position[u] - Cos[theta[bu]] 0.1},
{u-Sin[theta[bu]] 0.1,
b position[u] + Cos[theta[bu]] 0.1}}]1,
Plot[0O, {x, O, 0.01}]],
If[line, graphing[u, number, 1, b],
Plot[0O, {x, O, 0.01}]]11,
{u, 0.01, TotalLength -0.01}, {circ, {True, False}},
{line, {True, False}}, {1, 0.01, TotalLength -0.01},
{b, 1, 0}, {number, 5}]];
VibEulerShear [position_] := Module[{},
Clear [upperboundshear , lowerboundshear ,
upperboundmoment , lowerboundmoment , maxshear,
maxmoment] ;

slope[x_] := position'[x];
moment [x_] := position''[x];
shear [x_] := position'''[x];
radius[x_] := 1/ moment [x];
theta[x_] := ArcTan[slope[x]];
TotalLength =1;
upperboundshear =

MaxValue [ {shear [x], 0 < x < TotalLength}, x];
lowerboundshear = MinValue [ {shear [x], 0 < x < TotalLength},
x];
maxshear =
If[Abs [upperboundshear ] >= Abs[lowerboundshear ],
upperboundshear , lowerboundshear];
upperboundmoment =
MaxValue [ {moment [x], O < x < TotalLength}, x];
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lowerboundmoment =
MinValue [ {moment [x], O < x < TotalLength}, x];
maxmoment =
If[Abs [upperboundmoment ] 2 Abs [lowerboundmoment ],
upperboundmoment , lowerboundmoment ] ;
Manipulate [Show [
Plot [0, {x, O, u},
PlotRange -» {{-TotalLength /5, 1.5}, {-1.5, 1.5}},
AxesLabel - {"x", "scaled magnitude"}],
Graphics [Arrow[{{u, -Cos[omega t] shear [u] / maxshear},
{u, Cos[omega t] shear[u] /maxshear}}]],
Graphics [
Arrow|[{{u, Cos[omega t] moment [u] / maxmoment},
{u-0.1, Cos[omega t] moment [u] / maxmoment}}]],
Graphics [Circle[{u, 0},
Abs [Cos [omega t] moment [u] / maxmoment],
{-Pi/2, Pi/2}]]1],
{u, 0.01, TotallLength -0.01}, {t, O, 2Pi/omega}l]]:;
StaticTimoshenkoCenterline [Emod_, Gmod_, area_, k_,
Iarea_, TotalLength_, Lsupport_, Rsupport_, t_, b_] :=
Module [ {},
Clear [w, nonscalew, phi, nonscalephi, eqnl, eqn2,
eqn3, eqnd, eqn5, eqn6, solution, q, maxpos];
g[x_] := Evaluate[t+Db];
eqnl = phi'[x] ==w''[x] +q[x] / (k area Gmod) ;
egn2 = phi''[x] == k area Gmod / (Emod Iarea)
(phi[x] -w'[x]);
eqgn3 = Switch[Lsupport, Fix, phi[0] ==0, S, phi'[0] =0,
Free, phi[0] ==w'[0]];
eqnd4 = Switch[Rsupport, Fix, phi[TotalLength]
S, phi ' [TotalLength] == 0, Free,
phi[TotalLength] == w' [TotalLength]];
eqn5 = Switch[Lsupport, Fix, w[0] ==0, S, w[0] == 0,
Free, phi'[0] =0];
eqn6é = Switch[Rsupport, Fix, w[TotalLength] =0, S,
w[TotallLength] == 0, Free, phi'[TotallLength] ==0];
solution = DSolve [{eqnl, eqn2, eqn3, eqn4, eqn5, eqné},
{phi[x], w[x]}, {x, 0, TotalLength}];
nonscalephi [x_] := Evaluate [solution[[1]][[1]1]1[[2]11]"
nonscalew [x_] := Evaluate [solution[[1]][[2]]1[[2]]11~
maxpos = MaxValue [ {nonscalew[x], 0 < x < TotalLength}, x];
w[x_] := nonscalew [x] TotalLength / maxpos;
phi[x_] := nonscalephi [x] TotalLength / maxpos;
Return[{w[x], phi[x]}]]~

n
1
o
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StaticTimoshenkoGraphs [w_, phi_, TotallLength_,
Emod_, Iarea_, k_, area_, Gmod_] := Module[{},
Clear [moment, shear, slope, radius];

moment [x_] := Emod Iarea phi'[x];

shear [x_] := karea Gmod (w'[x] -phi[x]);
slope([x_] :=w'[x];

radius[x_] :=1/moment [x];

Author(s)

graphl = Plot[w[x], {x, 0, TotalLength}, PlotRange - All,

AxesLabel -» {"x", "w"}];
graph2 = Plot[phi[x], {x, 0, TotallLength},
PlotRange - All, AxesLabel - {"x", "¢"}];
graph3 = Plot [moment [x], {x, 0, TotalLength},

PlotRange -» All, AxesLabel -» {"x", "moment"}];

graph4 = Plot[shear[x], {x, 0, TotalLength},

PlotRange -» All, AxesLabel -» {"x", "shear"}];

graph5 = Plot[slope[x], {x, 0, TotalLength},

PlotRange -» All, AxesLabel -» {"x", "slope"}];

graph6 = Plot[radius[x], {x, 0, TotalLength},

PlotRange -» All, AxesLabel -» {"x", "radius"}];
Return [ {graphl, graph2, graph3, graph4, graph5,

graph6}]];
line[slope_, ptx0_, pty0O_, length_] :=

Module [ {offset, ptxl, ptx2, ptyl, pty2, xdev, ydev},

offset = length / 8;

xdev = offset / Sqrt[1 + slope*2];
ydev = xdev slope;

ptxl = ptx0 - xdev;

ptx2 = ptx0 + xdev;

ptyl = pty0 - ydev;

pty2 = ptyO + ydev;

Return [Graphics [Line[{{ptxl, ptyl}, {ptx2, pty2}}111]:

circle[cpos_, rad_, sl_] :=

Module [ {xdev, ydev, ptxl, ptyl, newslope},
newslope = -1/sl;
xdev = rad / Sqrt[1 + newslope *2] ;
ydev = xdev newslope ;
ptxl
ptyl
Return [Graphics [Circle [ {ptxl, ptyl}, Abs[rad

cpos[[1l]] - xdev;

cpos|[[2]] - ydev;

circlesection [rbx_, cbx_, information_, lbx_] :=
If[rbx < cbx && rbx > 1bx,

11111+

Return [circle [information [[1]], information [[2]],

information [[3]1]11]1, {}1:

StaticTimoshenkoDeformation [w_, phi_, TotalLength_,
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Emod_, Tarea_, k_, area_, Gmod_] := Module[{},
Clear [moment, shear, slope, radius, crosssection,
graphcircle, graphsections];

moment [x_] := Emod Iarea phi'[x];

shear [x_] := karea Gmod (w'[x] -phi[x]);
slope([x_] :=w'[x];

radius[x_] :=1/moment [x];

crosssection [rbx_, cbx_, information_, lbx_] :=
If[rbx < cbx && rbx > 1bx,
Return[line[information[[1]], information[[2]],
information[[3]], information[[4]]1]1, {}1]1-
graphcircle [n_, cpos_, constant_, lbx_, constant2_] :=
Module [{sep, sections, i},
sections = 0 Range[n+1];
sep = TotalLength / n;
For[i=1,i<n+1, i++,
Module [ {xpos, information},
xpos = (i-1) sep+0.01;
information = {{xpos, constant w[xpos]},
constant constant2 radius [xpos],
constant slope [xpos]};
sections [[i]] = circlesection [xpos, cpos[[1]],
information, 1bx]]];
Return [sections]];
graphsections [n_, cbx_, 1bx_, constant_] :=
Module [ {sep, sections, i},
sections = 0 Range[n+1];
sep = TotalLength / n;
For[i=1, i<=n+1, i++,
Module [ {information, xpos},
xpos = (i-1) sep;
information = {Tan[Pi / 2 + constant phi [xpos] +0.01],
xpos, constant w[xpos], TotalLength};
sections [[i]] = crosssection [xpos, cbx,
information, 1bx]]];
Return [sections]];
Manipulate [Show [
Plot[bw[x], {x, 1, u},
PlotRange - {{-TotalLength /5, TotallLength 6/5},
{-TotallLength 6 /5, TotallLength 6/5}},
AxesLabel -» {"x", "w[x]"}],
If[section, line[Tan[Pi /2 +bphi[u]], u, bw[u],
TotalLength], Plot[O, {x, O, 0.01}]],

If[osc, circle[{u, bw[u]}, bmagnify2 radius[u],
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b slope[u]], Plot[O, {x, O, 0.01}]],
If[section, graphsections [number, u, 1, b], {}1,
If[osc, graphcircle [number, {u, bw[u]}, b, 1,

magnify2], {}11,

{u, TotalLength -0.01, 0.01}, {section, {True, False}},
{osc, {True, False}}, {1, 0, u-0.01},
{magnify2, 1, 1000}, {b, 1, 0.01}, {number, 5}11];
StaticTimoshenkoShear [w_, phi_, TotalLength_, Emod_,
Iarea_, k_, area_, Gmod_] := Module[{},
Clear [upperboundshear , lowerboundshear , maxshear,
upperboundmoment , lowerboundmoment , maxmoment] ;

moment [x_] := Emod Iarea phi'[x];
shear[x_] := karea Gmod (w'[x] -phi[x]);
upperboundshear =

MaxValue [ {shear [x], 0 < x < TotalLength}, x];
lowerboundshear = MinValue [ {shear[x], 0 < x < TotalLength},
x];
maxshear =
If[Abs [upperboundshear ] >= Abs[lowerboundshear ],
upperboundshear , lowerboundshear];
upperboundmoment =
MaxValue [ {moment [x], O < x < TotalLength}, x];
lowerboundmoment =
MinValue [ {moment [x], O < x < TotalLength}, x];
maxmoment =
If[Abs [upperboundmoment ] > Abs [lowerboundmoment ],
upperboundmoment , lowerboundmoment ] ;
Manipulate [Show [
Plot [0, {x, O, u},
PlotRange - {{-TotallLength /5, TotallLength},
{-1.5, 1.5}},
AxesLabel » {"x", "scaled magnitude"}],
Graphics [Arrow[{{u, -1 shear[u] / maxshear},
{u, 1 shear[u] /maxshear}}]],
Graphics [Arrow[{{u, -1 moment[u] / maxmoment},
{u-0.1, -1 moment[u] / maxmoment}}]],
Graphics [Circle[{u, 0}, Abs[moment [u] / maxmoment],
{-Pi/2, Pi/2}]11,
{u, 0.01, TotalLength -0.01}]];
(*Timoshenko Frequency Plot Visualization *)

1
Br1=—+1;
s X
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/32= ’
X
4
a-= z B1+ [ B1% - i ;
'\2 z
z . 482
b= _| — |-B1+4]B1°- ;
\2 z

HHfreq[z_, s_, x_] := Evaluate

HCfreq[z_, s_, x_] :

49

[Sin[a] Sinh[b]];

Evaluate [-b Cosh[b] Sin[a] +aCos[a] Sinh[b]];

CCfreqlz_, s_, x_] :=

Evaluate[2ab-2abCos[a] Cosh[b] +

(-a®+b?) sin[a] Sinh[b]];
CFfreqz_, s_, x_] :=
Evaluate[

1
.y (-2a% (a-b) b? (a+b) +

(a?-b?-za) (2a%b?+ (a

6a’b’za+ (a-b) (a+b) z2a’+

-b) (a+b) za) Cos[a] Cosh[b] +

ab (za (3b%+2za)-a® (4b2+3za)) Sin[a] Sinh[b])];

FFfreqlz_, s_, x_] :=
Evaluate [

(a (-a%+za) (2b*+za)

(b (2a®-za) (b®+za) (-1+Cos[a] Cosh[b]) +

a(a’-za) (2b*+za)
b (2a’-za) (b®+za)

Sin[a] Sinh[b]) +

(a (a®?-za) (2b?+za) Cosh[b] (-Cos[a] +Cosh[b]) +

Sinh[b] (b (2a’-za)
a(az—za) (2b2+

(b? +z a) sin[a] -
z a) Sinh[b])))];

ContourPlotVisualization [s_, x_, equation_] := Module[{},

Clear[fix];

f = equation;

fix={s, x};

Which [
fix[[1]] =0,
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temp = ContourPlot [f[z, s, fix[[2]]] =0, {z, O, 10},

{s, 0, 10}, PlotRange -» All],
fix[[2]] =0,

temp = ContourPlot [f[z, fix[[1]], g] ==0, {z, O, 10},

{g, 0, 10}, PlotRange - All]];
Return [temp]

17

timcrosssection [pos_, angle_] := Module[{linel},

linel =
Line[{{pos[[1]] - 0.2 Sin[angle],
pos[[2]] -0.2 Cos[angle]},
{pos[[1]] +0.2 Sin[angle],
pos[[2]] +0.2 Cos[angle]}}];
Return[linel]];

TimoshenkoVibrationVisualization [s_, x_, temp_

equation_, modes_] := Module [{} ,

f = equation;

roots = omegafinder [s, x, f];

placeholder = Range [Length[modes]];

For[i =1, i < Length[modes], i++,
placeholder [[i]] = {}1~

repetition [constant_] := Module [{} ,

z = Abs [roots [ [constant]]];

1
Bi=—+1;
S X
z
=-1
Bz=g;
X
z 2 4/32
a= — |B1+ B1” - ;
\2 z
z > 4Bz
b= — |-B1+ B1° - ’
\2 z
- a2) a
Bl:(z a) 2,
a
2_z)a
BZ:(a Z) 1,
a
b?) A
BB:(Z+ ) 4,
b
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2
B, - (z +b ) A3;
b
w[x_] :=A; Sin[ax] +A; Cos[ax] + A3 Sinh[b x] +
Ay Cosh[bx];
phi[x_] :=B; Sin[a x] +B; Cos[a x] + B3 Sinh[b x] +
B,y Cosh[b x];
(*Identifying the current omega? value that
we are considering*)
conditions = Switch[temp,
HH, {w[0] =0, phi'[0] == 0, w[1] ==0},
HC, {w[0] ==0, phi'[0] ==0, w[1l] =0},
CC, {w[0] =0, w'[0] ==0, w[1l] ==0},
CF, {w[0] ==0, w'[0] ==0, phi'[1] == 0},
FF, {phi'[0] =0, w'[0] +phi[0] == 0, phi'[1]
(%)
eqnl = conditions [[1]];
eqn2 = conditions [[2]];
eqgn3 = conditions [[3]];
; 2
eqn4 = Integrate [z wix]?-z phi [x]”
solution = Solve [eqnl && eqn2 && eqn3 && eqn4,
{A1, Ay, A3, A}
setl = {Re[solution[[1]]1[[1]1]1[[2]111,
Re[solution[[1]][[2]1][[2]1],
Re[solution[[1]][([3]11[[2]11],
Re[solution [[1]][[4]1]1[[2]1]1};
set2 = {Re[solution[[2]]1[[1]1][[2]111,
Re[solution[[2]][[2]1]([[2]1],
Re[solution[[2]][[3]11[([2]11],
Re[solution [[2]][[4]1]1[[2]1]1};
test = Abs[setl];
cellindex = Position [test, Max[test]];
index = cellindex [[1]][[11];
If[setl[[index]] == test[[index]], coeff = setl,
coeff = set2];
(z - a?) coeff[[2]]

S = ;
a

(a2 - z) coeff[[1]]

€ = ;
a
(z +b?) coeff[[4]]
¢ = ;
b

== 0}];

, {x, 0, 1}] =1;

51
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(z +b?) coeff[[3]]
n-= b ;
tempw([x_, t_] := Cos[Abs[Sqrt[z]] t]
(coeff[[1]] Sin[a x] +coeff[[2]] Cos[ax] +
coeff[[3]] Sinh[b x] + coeff[[4]] Cosh[bx]) ;
tempphi[x_, t_] :=
Cos[Abs[Sqrt[z]] t]
(6 Sin[ax] +e Cos[ax] +¢$ Sinh[bx] +n Cosh[bx]);
Return[{{tempw[x, t]},
{tempphi [x, £]}}1];
placeholder [[1]] = repetition [modes[[1]]];

If [Length [modes] > 1,
For[i =2, i < Length[modes], i++,

placeholder [[i]] = repetition [modes[[i]]] +
placeholder [[1-1]111"
temporaryl = placeholder [ [Length[modes]]]1[[1]1]1[[1]1]"
temporary2 = placeholder [ [Length [modes]]]1[[2]]1[[1]]"
Q[x_, t_] := Evaluate [temporaryl];
T[x_, t_] := Evaluate [temporary2];
Manipulate [Module[{},
graphl = Plot[Q[x, t], {x, 0, 1},
PlotRange -» {{0, 1.5}, {-0.5, 0.5}},
AxesLabel -» {"x", "y"}1:;
linel = timcrosssection [{0, Q[0, t]}, mag &[0, t]];
line2 = timcrosssection [{0.2, Q[0.2, t]},
mag £[0.2, t]];
line3 = timcrosssection [{0.4, Q[0.4, t]},
mag &[0.4, t]];
line4 = timcrosssection [{0.6, Q[0.6, t]},
mag &[0.6, t]]:;
line5 = timcrosssection [{0.8, Q[0.8, t]},
mag £[0.8, t]];
line6 = timcrosssection [{1, Q[1, t]}, mag &[1, t]];
Show [graphl,

Graphics [{linel, line2, line3, line4, line5, line6}]]

1
» {t, 0, 16 Pi}, {mag, 1}]

E

Manipulate [Module [{},

Which [
StaticEulercompute ,

Author(s)
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Module [ {graphcell}, (*Static Bernoulli-Euler Modulex)
Clear [function];
function = StaticEulercenterline [Emod, Iarea,
TotalLength, Lsupport, Rsupport, t, b];
graphcell = StaticEulerGraphs [function, Totallength];
Which [
stateulerdisplacement , Show[graphcell [[1]]],
stateulerslope , Show[graphcell[[2]]],
stateulertheta , Show[graphcell [[3]]],
stateulermoment , Show[graphcell [[4]]],
stateulershear , Show[graphcell [[5]]],
stateulersections , StaticEulerSections [function,
TotallLength],
stateulerloadvalues,
StaticEulerShear [function, TotalLength]
11,
VibEulercompute ,
Module[{}, (*Vibrational Bernoulli-Euler Modulex)
Clear [function];
function = VibEulerCenterline [type, mode] ;
Which [
vibeulervisualization ,
VibEulerVisualization [function],
vibeulerdeformation , VibEulerDeformation [function],
vibeulershear , VibEulerShear [function]
11,
StatTimcompute ,
Module [ {graphcell}, (*Static Timoshenko Modulex)
Clear [functions, funl, fun2];
functions = StaticTimoshenkoCenterline [Emod,
Gmod, area, k, Iarea, TotallLength, Lsupport,
Rsupport, t, b];
funl[x_] :
fun2 [x_] := Evaluate [functions [[2]]];

Evaluate [functions [[1]]]-

graphcell = StaticTimoshenkoGraphs [funl, fun2,
TotallLength, Emod, Iarea, k, area, Gmod];

Which [
stattimdisplacement , Show[graphcell [[1]]],
stattimshearingangle , Show[graphcell [[2]]],
stattimmoment , Show[graphcell [[3]]],
stattimshear , Show[graphcell [[4]]],
stattimslope, Show[graphcell [[5]]],
stattimradius , Show[graphcell [[6]]],
stattimdeformation,

53
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StaticTimoshenkoDeformation [funl, fun2, TotalLength,
Emod, Iarea, k, area, Gmod],
stattimshearload , StaticTimoshenkoShear [funl,

fun2, Totallength, Emod, Iarea, k, area, Gmod]

11,

VibTimcompute ,
Module [{}, (*Vibrational Timoshenko Module %)
Which [

HingedHinged , ContourPlotVisualization [s, x, HHfreq],
HingedClamped , ContourPlotVisualization [s, x,
HCfreq],
ClampedClamped , ContourPlotVisualization [s, X,
CCfreq],
ClampedFree, ContourPlotVisualization [s, x, CFfreq],
FreeFree, ContourPlotVisualization [s, x, FFfreq]
11,
VibTimcompute2 ,
Module [{}, (*Vibrational Timoshenko Module-
Deformation *)
Which [
HingedHinged ,
Quiet [TimoshenkoVibrationVisualization [s, X,
HH, HHfreq, modes]],
HingedClamped ,
Quiet [TimoshenkoVibrationVisualization [s, X,
HC, HCfreq, modes]],
ClampedClamped ,
Quiet [TimoshenkoVibrationVisualization [s, X,
CC, CCfreq, modes]],
ClampedFree,
Quiet [TimoshenkoVibrationVisualization [s, X,
CF, CFfreq, modes]],
FreeFree,
Quiet [TimoshenkoVibrationVisualization [s, X,
FF, FFfreq, modes]]
1111,
Item|[
"Please look through whichever drop-down menu best
suits your needs before proceeding to check
a compute box; thanks! (Otherwise the code
will throw you a bunch of errors due to lack
of proper variable definitions)", Alignment - Left],

OpenerView[{"Static Variables",
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Column[

{Item[

"For the static case for either beam, please
input the necessary variables (described
below their respective boxes). Some
variables are also marked as for
Timoshenko only; consequently, if
you would like to analyze deformation
given by Timoshenko theory, then you
would need to assign said variables
(you can still assign said variables
but only consider Bernoulli-Euler as
well, the code won't throw you any
errors). Once you have identified
the proper variables, please feel
free to check a necessary graph in
Static-Graphs before proceeding to
hit the appropriate Compute button
(StatEulercompute --Bernoulli -Euler
beams and StatTimCompute --Timoshenko
beams) ", Alignment - Left],

Control [{Emod}], Item["Elastic Modulus, E (Pa)",

Alignment - Left],

Item["----—————— - ——— ",

Alignment - Left],

Control [{Iareal}],

Item["Second Moment of Area, I (m4)",

Alignment-aLeft],

Alignment - Left],
Control [ {TotalLength}],
Item["Beam Length, L (m)", Alignment - Left],
Item["----—————— - ——— ",
Alignment - Left],
Control [ {Lsupport}],
Item["Left End Support", Alignment - Left],
Item["Pick one of the following expressions:
Fixed: Fix
Simple (Pin/Roller): S
Free: Free", Alignment - Left],

Alignment - Left],
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Control [ {Rsupport}],
Item["Right End Support", Alignment - Left],
Item["Pick one of the following expressions:
Fixed: Fix
Simple (Pin/Roller): S
Free: Free", Alignment - Left],

Alignment - Left],
Control [{t}],

Item [

"xxxt=Applied traction forces as a function
N
of x (—)", Alignment-aLeft],
m

Item|[
"For Syntax purposes, a function of x can be
defined as:
f[x_]= {function would go here}
Note: You do not have to consider an
end condition at the end of the beam,
just input a general function from
{x|x=[0,inf)}", Alignment -» Left],

Alignment - Left],
Control [{b}],

Item[
N
"x*xxb=Applied body forces as a function of x (—)",
m

Alignment-aLeft],

Item|[
"For Syntax purposes, a function of x can be
defined as:
f[x_]= {function would go here}
Note: You do not have to consider an
end condition at the end of the beam,
just input a general function from
{x|x=[0,inf)}", Alignment -» Left],

Alignment - Left],
Control [ {Gmod}],
Item][
"x**%*Gmod = Shear Modulus (Timoshenko only;
else can leave blank) (Pa)",
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Alignment - Left],

Alignment - Left],
Control [{areal}],
Item|

"x*xxCross Sectional area of your beam (Timoshenko

Ttem["—-— - oo "

only; else can leave blank) (m%)"],

Alignment - Left],
Control [{k}],
Item][

"x**Timoshenko Shear Coefficient for your

beam (normal rectangular cross-sections
= 5/6 (Timoshenko only; else can
leave blank)"],

Alignment - Left]

-

OpenerView [ {"Static Graphs",
Column [ {
OpenerView [ {"Static Bernoulli-Euler",
Column [

{Item][
"Make sure that only one graph is checked
at a time (specifically the
one you want to see).

Furthermore, make sure all variables have been

Mathematica_Paper_4.nb 5/5/17

inputted before checking a
graph (they won't spawn
properly otherwise)",
Alignment - Left], Item["------"——-"-"-"-—-——- "
Alignment - Left],
Control [ {stateulerdisplacement , {False, True}}],
Item][
"Identifies displacement of the beam
centerline", Alignment - Left],

Item["---—————--"—————- ", Alignment - Left],
Control [ {stateulerslope, {False, True}}],
Item|[

"Identifies the slope of the tangent line
to the beam centerline at
all points", Alignment - Left],
ITtem["----—---—"=""-=-—-——- ", Alignment - Left],
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Control [ {stateulertheta, {False, True}}],
Item][
"Identifies the angle associated with
the slope of the tangent-line",
Alignment - Left], Item["------——--"--———— ",
Alignment - Left],
Control [ {stateulermoment , {False, True}}],
Item][
"Identifies the Internal Moment for the beam",
Alignment - Left], Item["---—————------——- ",
Alignment - Left],
Control [ {stateulershear , {False, True}}],

Item|[
"Identifies the Internal Shear for the beam",
Alignment - Left], Item["-------"-"-"-"-"--——- ",

Alignment - Left],
Control [ {stateulersections , {False, True}}],
Item][
"Permits wvisualization of the deformed
centerline in addition to
various cross-sections
(user-determined) "],

Item["---—————--"—————- ", Alignment - Left],
Control [ {stateulerloadvalues , {False, True}}],
Item|[

"Graphs Shear and Moment diagrams along
the beam cross-section",
Alignment - Left], Item["---—————------——- ",
Alignment - Left]
131,
OpenerView [ {"Static Timoshenko",
Column [
{Item][
"Make sure that only one graph is checked
at a time (specifically the
one you want to see).
Furthermore, make sure all variables have been
inputted before checking a
graph (they won't spawn
properly otherwise)",
Alignment - Left], Item["------——--"-"-———— ",
Alignment - Left],
Control [{stattimdisplacement , {False, True}}],
Item][
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"Identifies the displacement of the beam
centerline as per Timoshenko
theory", Alignment - Left],

ITtem["---—-—-—---=——-—-- ", Alignment - Left],
Control [{stattimshearingangle , {False, True}}],
Item][

"Identifies the shear angle of the beam
cross-section", Alignment - Left],
ITtem["-------—"""—"--—-—~ ", Alignment - Left],
Control [ {stattimmoment , {False, True}}],
Item|[
"Identifies the internal moments in the beam",
Alignment - Left], Item["------"——-"-"-"--——- ",
Alignment - Left],
Control [ {stattimshear, {False, True}}],
Item["Identifies the internal shear in the beam",
Alignment - Left], Item["------——--"-"-———— ",
Alignment - Left],
Control [{stattimslope, {False, True}}],
Item][
"Identifies the slope of the beam centerline",
Alignment - Left], Item["---—————------——- ",
Alignment - Left],
Control [{stattimradius , {False, True}}],
Item|[
"Identifies the radius of the associated
osculating circle for the beam",
Alignment - Left], Item["---—————------——- ",
Alignment - Left],
Control [{stattimdeformation , {False, True}}],
Item|[
"Permits visualization of the deformed
centerline of the beam along
with the rotating cross-sections
(unless your computer has
a decent amount of processing
power, I would not recommend
manipulating any of the
sliders in the resultant
output; it will slow down
your computer considerably.)"],

ITtem["---—-—-----"—"--—-- ", Alignment - Left],
Control [ {stattimshearload , {False, True}}],
Item][
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"Identifies the shear/moment wvalues along
the beam centerline (once
again, unless your computer
has a decent amount of
processing power, I would
not recommend manipulating
any of the sliders in the
resultant output; it will
slow down your computer
considerably.)"],
Item["---—————--"—————- ", Alignment - Left]
}131}]
1y
OpenerView [ {"Vibrational Bernoulli-Euler",
Column [
{Item[

"Please make sure that you input the mode and
type first before proceeding to check
the VibEulerCompute box; thanks!",

Alignment - Left],

Control [{type}],
Item][

"x*x*x*Possible inputs include: FreeFree,
FixedFixed, FixedFree, FixedPinned,
PinnedPinned"],

ITtem["---—-——----"——-—-- ", Alignment - Left],
Control [ {mode}],
Item][

"x*x*x*What vibrational modes you are attempting
to visualize. Note, currently only
modes up through 10 are available for each.

Just input the number mode (1-10) that you are

attempting to visualize. Also, we

are currently unable to visualize

the FreeFree Rigid Body mode of 0"],
ITtem["----—----"-"--——-- ", Alignment - Left],
Control [ {vibeulervisualization , {False, True}}],
Item["Shows the vibrating centerline",
Alignment - Left],

ITtem["---—-—----=—--——-- ", Alignment - Left],
Control [ {vibeulerdeformation , {False, True}}],
Item][

"Shows the vibrating centerline accompanied
with the cross-section as well",

Author(s)
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Alignment - Left],

ITtem["---—-——----"——-—-- ", Alignment - Left],
Control [ {vibeulershear , {False, True}}],
Item][

"Shows the varying Shear/Moment along the
beam centerline", Alignment - Left],
Item["---—————--"—————- ", Alignment - Left]

131,
OpenerView [
{"Vibrational Timoshenko -Frequency Visualization",
Column [
{Item[
"Note that for these you should check the
VibTimcompute box; thanks.

Also, choose the condition first before inputting
the constants as required. Furthermore,
for the one you would like to fix,
please input 0; for the others you
may input whatever you like."],

Control [ {HingedHinged , {False, True}}],
Control [ {HingedClamped , {False, True}}],
Control [ {ClampedClamped , {False, True}}],
Control [ {ClampedFree , {False, True}}],
Control [ {FreeFree, {False, True}}],
Control [{s}],
Control [{x}]
131,
OpenerView [ { "Vibrational Timoshenko-Deformation",

Column [

{Item[
"Note that for these you should check the
VibTimcompute2 box; thanks.

Also, choose the condition first before inputting

the constants as required."],
Control [ {HingedHinged , {False, True}}],
Control [ {HingedClamped , {False, True}}],
Control [ {ClampedClamped , {False, True}}],
Control [ {ClampedFree, {False, True}}],
Control [ {FreeFree, {False, True}}],
Control [{s}],
Control [{x}],
Control [ {modes }]
131,

{StaticEulercompute , {False, True}},
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{VibEulercompute , {False, True}},
{StatTimcompute , {False, True}},
{VibTimcompute , {False, True}},
{VibTimcompute2 , {False, True}},

ControlPlacement - Left]

B Acknowledgments

The work of Evan Hemingway was supported by a Berkeley Fellowship from the Univer-
sity of California at Berkeley and a U.S. National Science Foundation Graduate Research
Fellowship.

B References

[1] A. Authorlast, “Article Title,” Journal Title, Volume(Ilssue), 2005 pp. #+#. Linked URL or doi
number if available, without http:// preceding.

[2] A. Authorlast1 and B. Authorlast2, “Article Title,” Journal Title, Volume(Ilssue), 2005 pp. #-
#. Linked URL or doi number if available, without http:// preceding.

[3] A. Authorlast1, B. Authorlast2, and C. Authorlast3, “Article Title,” Journal Title, Volume(ls-
sue), 2005 pp. #4#. Linked URL or doi number if available, without http:// preceding.

[4] A. Authorlast, Book Title, nth ed., Publisher Location: Publisher Name, 2005.

[5] A. Authorlast1 and B. Authorlast2, Book Title, nth ed., Publisher Location: Publisher Name,
2005.

[6] A. Authorlast1, B. Authorlast2, and C. Authorlast3, Book Title, nth ed., Publisher Location:
Publisher Name, 2005.

[7]1 A. Authorlast, “Paper Title,” in Conference Proceedings Title (Conference Acronym and
Year), Conference Location (A. Authorlast, ed.), Publisher Location: Publisher Name, Publi-
cation Date pp. #+#. Linked URL or doi number if available, without http:// preceding.

[8] A. Authorlast1, B. Authorlast2, and C. Authorlast3, “Paper Title,” in Conference Proceedings
Title (Conference Acronym and Year), Conference Location (A. Authorlast, ed.), Publisher Lo-
cation: Publisher Name, Publication Date pp. ##. Linked URL or doi number if available,
without http:// preceding.

[9] A. Authorlast1, B. Authorlast2, and C. Authorlast3, “Paper Title,” in Conference Proceedings
Title (Conference Acronym and Year), Conference Location (A. Authorlast, ed.), Publisher Lo-
cation: Publisher Name, Publication Date pp. ##. Linked URL or doi number if available,
without http:// preceding.

[10] A. Authorlast. “Website Title.” (Last updated date or date visited in three-character Month
Day, Year format) Linked URL or doi number if available, without http:// preceding.

[11] E. W. Weisstein. “Entry Title” from Wolfram MathWorld—A Wolfram Web Resource. Linked
URL, without http:// preceding. [Wolfram resource format]

The Mathematica Journal volume:issue © year Wolfram Media, Inc. Mathematica_Paper_4.nb 5/5/17



Article Title 63

[12] Software Title. Version number, Publisher Location: Publisher Name, Publication Date.

About the Authors

Prithvi Akella

Department of Mechanical Engineering
University of California at Berkeley,
Berkeley, CA 94720-1740

US4

Email: prithviakella@berkeley.edu

Evan Hemingway

Department of Mechanical Engineering
University of California at Berkeley,
Berkeley, CA 94720-1740

US4

Email: evanhem@berkeley.edu

Oliver M O’Reilly

Department of Mechanical Engineering
University of California at Berkeley,
Berkeley, CA 94720-1740

US4

Tel: 510-642-0877

Fax: 510-643-5599

Email: oreilly@berkeley.edu

Mathematica_Paper_4.nb 5/5/17 The Mathematica Journal volume:issue © year Wolfram Media, Inc.



